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Abstract. We introduce a refinement of the Ozsvath-Szabo complex associ- 
ated to a balanced sutured manifold {X, r) by Juhasz lJull . An algebra A,- is 
associated to the boundary of a sutured manifold and a filtration of its gen- 
erators by H.'^{X,dX;Z) is defined. For a fixed class 3 of a Spin"^ structure 
over the manifold X, which is obtained from X by filling out the sutures, the 
Ozsvath-Szabo chain complex CF(X,t, s) is then defined as a chain complex 
with coefficients in A,- and filtered by Spin'^(X, t). The filtered chain homo- 
topy type of this chain complex is an invariant of {X, t) and the Spin"^ class 
s £ Spin''(X). The construction generalizes the construction of Juhasz. It 
plays the role of CF~ {X, s) when X is a closed three-manifold, and the role of 

C¥K- (Y,K;s) = 0CFK-(y,i<:,s), 

when the sutured manifold is obtained from a knot K inside a three-manifold 
Y. Our invariants generalize both the knot invariants of Ozsvath-Szabo and 
Rasmussen and the link invariants of Ozsvath and Szabo. We study some of 
the basic properties of the corresponding Ozsvath-Szabo complex, including 
the exact triangles, and some form of stabilization. 
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1. Introduction 

1.1. Introduction and the main results. The introduction of Heegaard Floer 
homology by Ozsvath and Szabo ( |OS5| . [OS5n for closed three dimensional mani- 
folds around the beginning of the millennium resulted in very powerful tools for the 
study of various structures in low dimensional topology. In particular, invariants 
for knots (c.f. |0S1| . |Rasl| and jEf2j ) . for links [0S8| . and for contact struc- 
tures jOSlOj were constructed using the fundamental idea of associating a chain 
complex to a pointed Heegaard diagram. Moreover, four manifold invariants were 
constructed as some TQFT type homomorphisms between the homology groups of 
the chain complexes associated to the positive and negative boundary components 
|0S11| . The Ozsvath-Szabo complexes associated with a closed three-manifold 
come in different flavors. These are typically called hat, minus, plus and infin- 
ity modules. The other versions may be re-constructed from the minus theory if 
one also keeps track of the so called JJ-action. Juhasz extended the hat version of 
Ozsvath-Szabo complex to the context of balanced sutured manifolds |Jul| . The 
sutured Floer homology of Juhasz detects taut sutured manifolds JJu2l , and may 
be used to define a polytope associated with a sutured manifold which behaves well 
under taut surface decompositions | Ju3) . 

In this paper, we extend the construction of Juhasz and construct a minus the- 
ory associated with a balanced sutured manifold. More precisely, let {X, r) be a 
balanced sutured manifold and let r = {71,. ..,7^} be the set of sutures. We will 
denote dX-rhy m{T) ^ fR+(T) UfH" (r), where <n+(T) and in~(r) are the positive 
and the negative part of the boundary, respectively. We first associate an algebra 
A = to the boundary of X as follows. Let us assume that 

k I 

i=i j=i 

where R~ and are the connected components of (r) and 9i+ (t) respectively. 
Let g~ denote the genus of R~ and g^' denote the genus of Rj'. Consider the 
elements 

K ■= n ^1' « = l>--->fc> ^ \^ n i^l,-.,l, 
in the free Z-algebra Z[k] := (Ai, A^) generated by Ai, A^. Let 



^ ■= 

(A+(r) - A-(r)) + (a+ | .g+ > o) + [xj \ gj > o) ' 

k I 

where A' (r) - ^ A,- , & A+ (r) - J] A+ . 



We will denote the set of monomials Y[i=i ^i^)^ which forms a set of gen- 

erators for A. One may define a natural morphism from G(A) to the Z-module 
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M. = M.r := n^{X,dX,Z) by 

X ■■ G{A) — >m = R^iX, dX- Z), 

x(n^^O :=aiPD[7i] + .- + a«PD[7K], V oi, .., a, G Z^". 

Let X — X'^ be the three-manifold obtained by filhng the sutures of (X, r) by 
attaching 2-handles to the sutures in r. Fix a Spin'^ class 5 G Spin'^(X). Suppose 
that (E,a,/3,z) is a Heegaard diagram for the sutured manifold (X, r), which is 
admissible in an appropriate sense. Thus E is a closed Riemann surface, a. and (3 
are i'-tuples of disjoint simple closed curves, and z is a set of k marked points on 
E. If E° = E — nd(z) is the complement of a neighborhood of z, X is obtained 
from E° X [—1, 1] by attaching 2-handles to a x {—1} and /3 x {!}. The Ozsvath- 
Szabo chain complex CF(X, r, s) is then generated as a free AT--module by those 
intersection points of the tori Tq,T/3 C Sym (E) associated with a. and (3 which 
correspond to the Spin^ class s € Spin'^(X). The set 7r^(x, y) of positive Whitney 
disks for generators x, y G Tq, H is defined as usual, and we will have a map 

Az: I] 7r2+(x,y) ^G(A) 

x,yeT„nT;3 

K 

AzW:=^^^^^^ Vx,yeT„nT^, & V € 7r2+(x, y). 

1=1 

Here n2.{4>) denotes the coefficient of Zi in the domain associated with the 

Whitney disk </). The differential d of the complex CF{X, r, s) is defined by count- 
ing holomorphic disks (jj of Maslov index 1 connecting the generators x and y of 
the complex, with an appropriate sign and weight Az(0) € A,-. The assignment 
of relative Spin'^ structures to the intersection points x € H using z gives 
CF(X, T, s) the structure of a filtered (A,IHI) chain complex (see section [s] for a 
precise definition). The following is the main result of this paper. 

Theorem 1.1. The filtered (A,!!) chain homotopy type of the filtered (A,H) chain 
complex CF(X, r, s) is an invariant oj the balanced sutured manifold {X,t) and the 
Spin'^ class 5 € Spin'^(X). In particular, for any s G S C Spin'^(X, r) the chain 
homotopy type of the summand 

CF(X, T,s) C CF(X,r,5) =0CF(X,T,s) 

is also an invariant of {X,t,s). 

The above theorem implies that whenever we have a homomorphism p : A — > B 
for a ring B, the chain homotopy type of the complex 

CF(X, T, s; B) = CF(X, t, s) (g)A B 

is also an invariant of the sutured manifold {X,t). This complex is equipped 
with filtration by Spin'^(X, r) if the homomorphism p respects the filtration of the 
monomials of A by the elements of H. In this case, it makes sense to talk about 
the following decomposition of CF(X, t, s;B): 

CF(X,r,s;B)= CF(X,t,s;B). 

5e5CSpin'=(X,T) 
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In particular, the homology groups 

HF(X, r, s; B) = H., {G¥{X, r, s; B), 9) , V s G Spm'=(X, r) 

may be defined, and are invariants of the sutured manifold and the relative Spin'^ 
class s e Spin'^(X, t). As a special case, we may take B = Z and let p be the map 
sending all the non-trivial monomials to zero. We will then recover the sutured 
Floer homology of Juhasz: 

SFH(X, T,s) = HF(X,T,s;Z), VsG Spin'=(X,r). 

Define a particular test ring B,- for A,- by setting 

( Ai, Ak ) 

jj \ /z 

( nr=i 1 I e Z>o & Y.Ui ^^ b^\ = in Hi (X; Z)/Tors) ' 

Clearly, there is a quotient map : Ar — ;> B,-. The following is a refinement of 
Juhasz' theorem 1.4 from |Ju2| . 

Proposition 1.2. An irreducible balanced sutured manifold {X,t) is taut if and 
only if the filtered (Bt-,IHIt-) chain homotopy type of the complex 

CF(X,t;B,)= CF(X,r;s;B,) 

seSpin'=(Jf) 

is non-trivial. 

For a knot K inside a closed three-manifold Y, the boundary of the corresponding 
sutured manifold {X = Y — nd(i^r) , r) consists of a torus and r consists of a pair 
of parallel sutures on this torus. Thus, with the above notation, 

Thus, the algebra A is equal to Z[Ai, A2] = (Ai, A2)z, which gives the Z©Z filtration 
associated with the knot K inside the three-manifold Y. 



The surgery exact triangle for the Ozsvath-Szabo complexes associated with 
closed three-manifolds may be extended to our setup. Namely, let {X, r) be a 
sutured manifold and 71 , 72 G r be two parallel sutures with opposite orientation 
which form the common boundary of a cylindrical component RI C (r) and a 
genus zero component C (r) . Consider a simple closed curve 

A C i?]^ U U 7i U 72 

which cuts 7i and 72 in a single transverse point and remains disjoint from the rest 
of the sutures. Replacing 71 and 72 with two parallel copies of A (with opposite 
orientation) results in a new sutured manifold {X, t\). Let A(n) be (the homotopy 
class of) the simple closed curve obtained from A by twisting it n times along 71 (or 
equivalently, —n times along 72). Correspondingly, we obtain the sutured manifold 
{X, T\(^n))- When the choice of A is fixed, we sometimes write {X, t„) for {X, t;^(„)). 

The algebra associated with all the sutured manifolds (X, t„) is the same. Let 
us denote this algebra by A, and assume that (i,...Xk are the generators of A 
which correspond to the sutures. Furthermore, let and C2 correspond to 71 and 
72 respectively. Note that in the relations ideal It in Z[k] — (Cii---iCk)z (which 
defines A as Z[k]//t-) the generators either use C1C2, or they use none of Ci and (2- 
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We may thus introduce a new algebra B as a quotient of (Aq, Ai, Ak)z by an ideal 
Jt. The generators of Jt are constructed from the generators of I-r by replacing Q 
with Aj for j = 3, k and replacing ^11^2 with A0A1A2. For i = 0, 1, 2 we obtain 
embeddings of A in B: 



A. ifj = l 



AqAi A2 if J = 2 



^'(0) = { 

Xj if3<j<K 
We write Aj in order to refer to A as the sub-ring z'(A) c B. 

To keep the exposition simpler, we only consider the surgery triangle associated 
with the sutured manifolds (X,t), (X, to) and (X,ti). Let us denote by Xj £ 
E.'^{X,dX;Z) the Poincare dual of the suture jj, for j = 3, k. Furthermore, let 
Xo,Xi cind X2 denote the Poincare duals of 71, A(0) and — A(l), respectively. Note 
that Xo + Xi + X2 = in H = lP{X, dX; Z). Define the filtration map by 

X:G{M)^R\X,dX;Z) 

K 

j=o 

Associated with any Spin'' class s G Spin^(X)let Ej (s; Aj) be the complex CF{X, r, 5; Aq), 
CF(X, To,s; Ai), or CF(X, ri,5; A2) depending on whether i = 0, 1 or 2. Let 

E,(s;B) =E,(s;A,)(^A,B. 




Theorem 1.3. With the above notation fixed, we have a triangle 
Eo(5;B) Ei(s;B) 




E2(5;B) 

of filtered (B, H) chain maps such that ff o fg, f2 ° ff; and fo ° f2 are null homotopic. 

Moreover, E,j(s;B) is filtered (B,IHI) chain homotopic to the mapping cone o/ff . In 
particular, if there is a homomorphism pu : M ^ R to a ring R, taking the tensor 
product of the above triangle with R and computing the homology groups we obtain 
a long exact sequence in homology: 

... ^ HF(X,T,s;i?) llF{X,To,s;R) ^ BF{X,n,s; R) ^-^ .... 



If the homomorphism pn also respects the filtration by H, the above exact se- 
quence refines to an exact sequence corresponding to any of the relative Spin'' 
structures s G Spin'^(X, r). 



1.2. Previous results and the history. Attempts on extending the Ozsvath- 

Szabo invariants to three manifolds with boimdary, at least when the boundary 
is equipped with some extra structure have been made through two different ap- 
proaches. If a parametrization of the boundary surface is fixed, the three-manifold 
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is called a bordered three manifold. Lipshitz, Ozsvatli and Thurston generalize the 
hat version of the Ozsvath-Szabo complex for bordered three-manifold by first con- 
structing a graded differential algebra corresponding to the parameterized bound- 
ary, and then associating the Bordered Floer modules of type A and D to the 
bordered manifold, which are respectively an Acc module and a module over the dif- 
ferential graded algebra (see [LOTT , 'L0T2' ) . Gluing of bordered three-manifolds 
for constructing closed three-manifolds is translated to an appropriate tensor prod- 
uct construction on the corresponding Bordered Floer modules. 

In a different direction, if the boundary of a three-manifold X is decorated with 
a set T of suture, Juhasz associates a complex, the so called sutured Floer complex 
to the sutured manifold {X, r) [Jul|, provided that {X, r) is balanced. The complex 
generalizes the hat versions of the Ozsvath-Szabo complexes associated with closed 
three-manifolds and links inside three-manifolds. The theory of sutured manifolds 
was introduced in |Gabl| and developed in |Gab2j and [Gab3] by D. Gabai in or- 
der to study the existence of taut foliations on three-manifolds. Sutured manifolds 
are oriented three-manifolds with boundary, together with a set of oriented simple 
closed curves (the sutures) that divide the boundary into positive and negative 
parts. Gabai defines the so called sutured manifold decomposition which consists of 
cutting the manifold along a properly embedded oriented surface R and adding one 
side of R to the plus boundary and the other side to the minus boundary. He shows 
that a sutured manifold carries a taut foliation if and only if there is a sequence 
of decompositions that result in a product sutured manifold. Honda, Kazez, and 
Matic generalized the theory of sutured manifold decomposition for the study of 
tight contact structures on three-manifolds, and developed the convex decompo- 
sition theory |HKM1| . In addition to the introduction of sutured Floer complex, 
Juhasz described how sutured Floer complex changes through sutured manifold 
decomposition [Ju2j. As a consequence, he shows that a sutured manifold {X, r) is 
taut if and only if the sutured Floer homology group SFH(X, r) is non-trivial. 

These results suggested a deep connection between sutured Floer theory of 
Juhasz and the sutured manifold decomposition theory of Gabai, as well as the 
contact geometry of three-manifolds. Subsequent developments included the study 
of sutured Floer polytope by Juhasz jJu3j and introduction of contact invariants 
for contact three-manifolds with convex boundary by Honda, Kazez and Matic 
|HKM2| . This last invariant generalizes the contact invariant of Ozsvath and Szabo 
for a closed contact three-manifold defined in [OSIO . 

1.3. Outline of the paper. The paper is organized as follows. In section [2] we re- 
view some of the basic notions, including the sutured manifolds, the corresponding 
Heegaard diagrams, and the Spin'^ structures on sutured manifolds. We will also 
review some of the main constructions studied in this paper, including surgery and 
filling the sutures. 

In section[4]we investigate a notion of admissibility for Heegaard diagrams, which 
makes it possible to construct an Ozsvath and Szabo complex using Heegaard Floer 
theory. The admissibility condition is slightly weaker, in a sense, than the strong 
admissibility of Ozsvath and Szabo in the context of closed three-manifolds. How- 
ever, it is strong enough for the construction of Ozsvath-Szabo complex to work. 
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We show that all balanced sutured manifolds admit admissible Heegaard diagrams 
corresponding to any Spin*^ class. 

In section [3] we develop the language of chain complexes filtered by a module, 
and make some simple algebraic observations. Moreover, we construct an algebra 
associated with the boundary of a balanced sutured manifold, as well as a filtra- 
tion of its generators by classes in lP{X, dX; Z). The algebra plays the role of the 
coefficient ring for the Ozsvath-Szabo chain complex associated with the balanced 
sutured manifold. 

In section[5]we study the orientability issues for the corresponding moduli spaces. 
In particular, an appropriate orientation for the moduli spaces of boundary degen- 
erations is required so that the differential d of the associated Ozsvath-Szabo chain 
complex satisfies = 0. Analyzing the analytic aspects of the theory thus requires 
some new techniques which are developed in section [5] 

In section [5] we construct the chain complex associated with an admissible Hee- 
gaard diagram for the balanced sutured manifold {X, r). We show that the filtered 
chain homotopy type of this complex is invariant under Heegaard moves, and is in- 
dependent of the choice of the path of almost structure on the symmetric product 
of the Heegaard surface. The choice of the algebra associated with the boundary 
plays a very crucial role both in defining the chain complex and proving the invari- 
ance of the filtered chain homotopy type. 

In section[7]we study how the filtered chain homotopy type of the Ozsvath-Szabo 
complex associated with a balanced sutured manifold {X, r) changes when we add 
two parallel copies of an existing suture to the boundary with appropriate orienta- 
tion. The operation is called the stabilization of the sutured manifold {X, r). When 
{X, t) corresponds to a knot K inside a closed three-manifold F, the stabilization 
corresponds to considering multi-pointed Heegaard diagrams for defining the knot 
Floer complex, and the stabilization formula generalizes the relation between usual 
Ozsvath-Szabo complexes and the multi-pointed ones. 

Finally, in section [8] we introduce a generalization of the surgery triangle for 
balanced sutured manifolds. The freedom to choose many marked points on the 
Heegaard diagram allows us to understand the chain maps in a better way, and 
refine the existing triangles, and long exact sequences. 
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2. Background on sutured manifolds 



2.1. Sutured manifolds and relative Spin*^ structures. In this paper, we deal 
only with balanced sutured manifold, so we will modify the standard definition of 
sutured manifolds, by throwing away the possibility of having a torus component 
in the suture. 

Definition 2.1. A sutured manifold {X,t) is a compact oriented three-manifold 
X with boundary dX , together with a set of disjoint oriented simple closed curves 
T — {71,..., 7k} on dX. We will denote by A{"fi) a tubular neighborhood of in 
dX, which will be an annulus. We let A{t) = ^(71) U ... U ^(7^). Every component 
of 5H(t) — dX — j4(r)° is oriented (where A{t)° denotes the interior of A{t). 
Let 9^(t) = ^H+(r) U 9^~(t) where 9^^(t) denotes the union of components ofUKr) 
with the property that the orientation induced on r as the boundary of (r) agrees 
with the orientation of t, while ?l^(r) denotes the union of components of U\(t) 
with the property that the orientation induced on t as the boundary of (r) is the 
opposite of the orientation ofr. We assume that the orientation on the components 
of 5H(t) is compatible with the orientation of the boundary c?1H(t) induced by the 
sutures 71,..., 7^. A sutured manifold {X,t) is called balanced if X has no closed 
components, xi^'^i''')) = x(^~ (''")) "■''^d the induced map 7Tq{A{t)) — > Tro{dX) is 
surjective. 

Definition 2.2. A Heegaard diagram is a tuple (E,q;,/3,z) such that (I],a,/3) is 
a balanced Heegaard diagram i.e. T, is a compact oriented surface and a and (3 are 
sets of disjoint oriented simple closed curves on S where \cy.\ = |/3| = i, and 



is a set of marked points .such that each connected component of T, — a. and Ti — (3 
contains at least one marked point. 

Every Heegaard diagram (E,a,/3,z) uniquely defines a balanced sutured man- 
ifold manifold as follows. Let I]° = E — Z?i — ... — denote the complement of 
small disks Di, I?^ around zi, z^, where z = {zi, z„}. The three-manifold 
X is obtained from S° x [—1,1] by attaching 3-dimensional 2-handles along the 
curves x {—1} and fij x {1} for i,j = !,...,£). We may define the set of sutures 
on the boundary of X by 



In this situation, we say that (I],q:,/3,z) is associated with the the sutured three- 
manifold (X, r) . 

Proposition 2.3. For every balanced sutured manifold {X,t), there exists a Hee- 
gaard diagram associated with it in the above sense. 

Proof. Let (ST-,a,/3) be a sutured Heegaard diagram for the balanced sutured 
manifold {X, r) in the sense of |Jul| . If r = {71, 7^} consists of n sutures, take 
E to be the surface obtained from E,- by gluing k disks Di,D2, ...,0^, to it along 
the boundary components corresponding to 71,..., 7^. Let be the center of 1?^, 
i — 1, K. Then (S, ct, /3, z — {zi, z^}) is a Heegaard diagram for (X, r). □ 



z 





10 



AKRAM S. ALISHAHI AND EAMAN EFTEKHARY 



Proposition 2.4. // (Si, ai, /3]^, z) and {T,2, a2, f32,'w) are two Heegaard diagrams 
for a balanced sutured manifold {X,t), then they are diffeomorphic after a finite 
set of Heegaard moves, which are supported away from the marked points. 

Proof. This is proposition 2.15 from |Julj . □ 

For the most part of this paper, we will identify fH(T) = [H+(r) U 9^^(r) as the 
connected components of dX — r. Thus the boundary of each connected component 
R C 9l(r) may be identified as a union of curves in r. In the few situations where 
the annuli ^(7^) are relevant, we will emphasize them in the notation. 

Suppose that (X, r) is a balanced sutured manifold. One may define a nowhere 
vanishing vector field on dX as follows. Let Vt be a vector field (with values 
in TX\qx) which points outward on 5H+(t) C dX — A{t) = ?1(t), and points 
inward on 91^(t) C 5H(r). Furthermore, under the identification ^(7^) — x 
[— 1, 1], let fTU(7i) be the vector field ^ determining the unit tangent vector of the 
second factor, i.e. the interval [—1, 1]. In fact, we have to perturb on a small 
neighborhood dA{T) to make it continuous, but we typically drop this perturbation 
from our notation. 

Definition 2.5. Suppose that the non-vanishing vector fields v and w on X agree 
with Vt on dX . We say that v and w are homologous if there is a ball B C X° 
such that the restrictions of v and w to X — B are homotopic relative the boundary 
of X . We define the space Spin'^(X, r) of relative Spin'^ structures on the sutured 
manifold {X, r) to be the space of homology classes of such nowhere vanishing vector 
fields on X which agree with Vj- on dX . 

Note that Spin'^(X, t) is an affine space over lP{X, dX,Z). Let us assume that 
the Spin*^ structure s G Spin^(X, r) is represented by a nowhere vanishing vector 
field V, so that v\qx = Wr- Let us define the first Chern class of s to be the first 
Chern class of the oriented 2-plane field over X, which lives in lP{X,Z). Let 
us denote the inclusion of dX in X by i : dX — X. We thus get a map 

i* : H2(X,Z) ^ lf{dX,Z). 

The first Chern class of the 2-plane field lives in lP{dX,'Zi) and ci(s) is thus 
included in 

We may glue a solid cylinder x [— 1, 1] to each component ^(7^) of A{t) along 
X [—1, 1]. This way, we obtain a three-manifold with boundary, which will be de- 
noted hy X = X . The set of homology classes of no- where vanishing vector fields 
on X which point outward on the positive boundary components of X and point 
inward on the negative boundary components of X will be denoted by Spin^(X). 
Note that Spin'^(X) is an affine space over ^^{X ,dX). Again, if s € Spin'^(X) is a 
given Spin'^ structure represented by a nowhere vanishing vector field w as above, 
we have the notion of the first Chern class associated with s, which is defined to be 
ci{w^). Clearly, ci(s), as defined, is an element of H^(X,Z). 

There is a notion of restricting Spin^ structures from {X, r) to X as follows. If 
5 G Spin'^(X, r) is represented by the no- where vanishing vector field v (so that 
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v\dx = Vt), we may extend v over each one of the ghied cyhnders x [—1, 1]. In 
fact, V may be extended over x [—1, 1] by setting it equal to ^, where t denotes 
the variable associated with the interval [—1, 1]. The new vector field v determines 
a Spin"^ structure on X, which will be denoted by [s]. This gives a well-defined map 

[.] : Spin'=(X,T) — > Spin"(X). 

Let us denote the inclusion of X in X by i : X — >■ X. This inclusion gives a map 

I* : lf(X,Z) — 5- H2(X,Z). 

Prom the definition of the first Chern class, we know that if [5] is represented by v, 
s is represented by v = i*{v), and thus 

l*(ci([5]))=Ci(s). 

2.2. Associated sutured manifolds; surgery and filling the sutures. Let 

{X, t) be a balanced sutured manifold, with t the set of sutures on the boundary 
of X, and with ![H+(t) and !EH~(r) the union of positive, respectively negative, 
components in dX — r as above. Suppose that i?+ is a component of !EH"'"(t), R~ 
is a component of d\~{T), and 71 and 72 are sutures in r such that 

dR+ndR- = {71,72}. 

Let A be a simple closed curve, which consists of a union A = A+ U A^, with 
A* C R', • e {+,—}, which cuts either of 71 and 72 in a single transverse point. 
Sometimes we may assume that the image of the homology class [A] € Hi(9X, Z) 
in Hi(X, Z) is trivial, i.e. that A bounds a closed surface in X. In this situation, 
we will say that A is homologically trivial in X. It makes sense to talk about Morse 
surgery along A on the sutured manifold X as will follow. 

Consider two parallel copies of A which we will denote by 

Xi = X+\jX^, & A2 = A^UA2. 

Let Ni be a tubular neighborhood of 7^ in dX, which may be identified with the 
standard cylinder Ni = x I, where / is the unit interval. The pair of arcs 
(Ai U A2) n Ni may then be pictured as {1, —1} x 7, where the area between the 
parallel curves Ai and A2 is identified as 

{zeS^ \ Im{z) >0}xIcS'^xI = Ni. 

We may change the arcs {1,-1} x I with the arcs 

{(e*"^,t) |iG/=[0,l]}c5ix/. & 

|(_e*-^,t) \ t€ I =[0,1]} dS'x I 

in both A^i and N2. With this change, the curves Ai and A2 are replaced by new 
simple closed curves 61 and ^2. Let {X, t\) be the balanced sutured manifold defined 
with 

r\ = {t - {71,72}) U {61,62}. 
In order to see that {X,t\) is balanced, it suffices to note that 

dX-Tx= {{dX - r) - {R+ U R')) U {S+ U S"), 

where 

S+ = {R+ - nd(A+)) U nd(A-), & 5" = (i?" - nd(A-)) U nd(A+), 
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and thus x(S'*) — x(i?*), • G {+,—}• The surgery is usually denoted by iX,T) 
{X, Tx) in this paper. 

Suppose that the simple closed curve A is chosen as above. For n = (ni,n2) 
in Z ® Z, let A(n) be the simple closed curve obtained from A by winding it ni 
times around 71 (close to the intersection of A with 71) and n2 times around 72 
(close to the intersection of A with 72). The homology class represented by A(n) 
in Hi(9X, Z) is [A] + ni[7i] — n2[72]- When there is no confusion, we will denote 
))by (X,T„). 

Let us assume that 

iJ = (S,a = {ai,...,ae},0 = {Pi, ^e},z = {zi,...,Zk}) 

is a Hecgaard diagram for the sutured manifold {X, t) . Here E is a closed Riemann 
surface of genus g, a and (3 are £-tup\es of simple closed curves which are homo- 
logically linearly independent in S — z, and z = {zi, z^} is a K-tuple of marked 
points determining the set r of sutures on the boundary of the three-manifold X. 
Furthermore, let us assume that zi,Z2 are the marked points corresponding to the 
sutures 71 and 72 respectively. We may choose the Heegaard diagram so that zi 
and Z2 are in the same connected component of E — a — /3o, where /3q denotes the 
subset /3 — {Pi} of /3. In this diagram, the framing A is determined as an arc which 
joins zi to Z2 in E — /3, and may be completed to a simple closed curve by adding to 
it a short arc from Z2 to Zi, meeting Pe transversely in a single point, and staying 
disjoint from aU (3q. 

The Hecgaard diagram describing the surgery {X, r) {X, t\) is then obtained 
as follows. Let 

Hx = {^,cx,/3x = {P[,...,P'e},z), 

where P[ for i = 1 is an exact Hamiltonian isotope of the curve Pi which 

cuts it in a pair of canceling transverse intersection points. Moreover, p'^ is obtained 
as an isotope of the simple closed curve on E associated with A which separates 
the marked points zi and Z2 from each other. Abusing the notation, we will some- 
times denote P'^hy X. This Heegaard diagram corresponds to the balanced sutured 
manifold {X,t\). The Heegaard triple 

(E,a,/3,/3;„z) 

will then described the surgery {X,t) {X,t\) associated with A. 

We are particularly interested in the case where the curves 71 and 72 in t = 
{71, ...,7k} used for the surgery are the boundary of a a subset B c dX which is 
homeomorphic to a cylinder [0,1] x (and 71 and 72 are identified with {0} x 
and {1} X respectively). Then for n = (711,712) and m = (7711,7712) in Z®Z, the 
sutured manifolds {X, r„) and {X, r^) are the same if ttii + m2 = 711+712- Thus in 
this case, it makes sense to talk about {X, t„) for 7i e Z, if the simple closed curve 
A is fixed. 

Let (X, t) be a balanced sutured manifold as above. Let / denote a subset of 
{!,..., At}. Consider the sutured manifold (X(J),t(/)) obtained by filling out the 
sutures of {X,t) corresponding to the subset / with solid cylinders D'^ x [—1,1]. 
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In particular, we have X — X{1, k). In terms of the Heegaard diagrams, if 
(E,a,/3, z = {zi, ...,Zk}) is a Heegaard diagram associated with {X,t) so that 
Zi corresponds to the suture 7i, a diagram for (X(J),r(/)) will be the pointed 
Heegaard diagram 

(S,a,/3,z- {2;^ lie/}). 
Let (E, a, /3, z) be a Heegaard diagram for the balanced sutured manifold {X, r). 
Consider the symmetric product 

Sym*(S) = — = 

equipped with a path of complex structures of the form {Jt = Sym^(jt)}^gjg ^j, 
which is induced from a path of complex structure {jt}te[o,i] on ^) such that the 
map S^^ Sym^(E) is {jt, Jt)-holomorphic for all t e [0, 1]. Then = ai x ... x 
and = /3i X ... x (5^ are totally real sub-manifolds of Sym^(E). We may define a 
map 

s = : T„ n — > Spin'=(X, t), 

which is defined by choosing a Morse function compatible with the Heegaard dia- 
gram for the sutured manifold {X,t), viewing an intersection point x e T„ fl 
as a set of flow lines joining indcx-1 critical points to indcx-2 critical points of the 
Morse function, and perturbing the gradient vector field of the corresponding Morse 
function in a neighborhood of this set of flow lines associated with x in order to 
obtain a nowhere vanishing vector fleld on X with the desired properties. 

Denote the natural maps obtained by extending the relative Spin*^ structures on 
sutured manifolds over the attached solid cylinders by 

si = s}: Spin'^CX, r) Spin^(X(7), t(7)), V 7 C {1, k). 

In particular, s^j^ is the restriction map [.] : Spin'^(X, r) Spin'^(X) defined 
before. Note that there is an exact sequence 

^ (PD[7i] I i e 7)^ ^ Spin^(X,T) ^ Spin^(X(7),T(7)) ^ 0. 

This sequence should be interpreted as follows. If two relative Spin'^ structures 
5, t e Spin'^(X, r) satisfy s/(s) = s/(t), then the cohomology class s — t is generated 
by the Poincare duals of the sutures corresponding to 7. 

2.3. Relative Spin'^-structures and Heegaard diagrams. Let the Heegaard 

diagram (S, ol, (3, z) for the balanced sutured manifold (X, r), the symmetric prod- 
uct Sym^(S), the totally real tori T^^ and T^, and the path of complex structures 
{Jt = Sym^(jt)}^gjg .^j, be as before. 

Definition 2.6. Let D c C be the unit disk in the complex plane, and x, y G 
Tc nT^. A Whitney disk is a continuous map (j) : D ^ Sym^(S) such that (j){—i) = 
X, = y and 

(j3{z e OD I Re(z) > 0} C T„ & 

(t){z e dD I Re(z) < 0} C T;3. 

The set of homotopy classes of Whitney disks connecting x. to y is denoted by 
7r2(x, y). For any homology class cf) G 772 (x,y), we will denote the moduli space of 
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{Jt}t-holomorphic representatives of (j) by Ai{<j)). There exists a translation action 
ofM. on M((j)). The quotient of Ai{(f)) under this action will be denoted by M((f)). 
The Maslov index of (j) 'is denoted by fi{(j)). For i ^X, we will denote by ■K\{yi,y) 
the subset o/7r2(x, y) which consists of all with fJ.{4') — i. 

It is known ( [0S5] . and [0S8] ) that for any generic path {Jt}t of complex struc- 
tures, M{(f>) is a smooth manifold of dimension which is not necessarily 
compact. In fact, this moduli space may be compactified by adding the Gromov 
limits of pseudo-holomorphic curves. But the boundary strata which correspond to 
degenerations of the domain are not necessarily of lower dimension. We will return 
to this issue in section [H 

Definition 2.7. Let T>i, &e the connected components of Y, — a — (3. Each 

element of the free abelian group generated by {T>i, ...,1?™} is called a domain. A 
domain T> = aiDi + ... + amT>m is called positive, denoted T> > 0, if ai > for 
1 < i < m. It is called periodic if its boundary is a sum of a and jS curves. 

For every Whitney disk connecting intersection points x and y, the domain 
associated with (j) is defined as follows: 

m 

1=1 

where pi e 1?^ is a marked point. Here np{(j)) for a point p G S — a — /3 denotes the 
algebraic intersection number of (f) with the subvaricty 

Ap = |(pi, e Sym'^(E) Pi = p, for some 1 < « < 

If the map (p is holomorphic then !?((/)) is obviously a positive domain. We will 
denote by 7r^(x,y) the subset of 7r2(x,y) which consists of all (j) with > 0. 

If P is a periodic domain we can associate to it a homology class in H2{X,Z). 
More precisely, let 

e e 
dV = a.,ai + ^ bif3i 

1 = 1 i=l 

and let Di be the union of ai x [—1,0] with the core of the two-handles attached 
to ai X {—1} in X. Similarly, let D'^ be the union of /3i x [0, 1] with the core of the 
two-handle attached to [3i x {!}. Define 

I I 

i=l 'i=l 

If g (x,x) is a Whitney disk connecting x to itself, with x e n T^, the 
domain will be a periodic domain. Conversely, any periodic domain V deter- 
mines the class of a Whitney disk in 7r2(x, x) for any x e n T^. Thus the space 
of periodic domains may be identified with 112 (x, x) . 

For each x € Tq n T/j let 7x be the fiow lines of a compatible Morse function 
connecting the index-1 critical points to the index-2 critical points passing through 
the union x of the intersection points on E x {0} C X. 
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Lemma 2.8. Forx,y e T^nT^ we have 5{x) — s{y) — PD(e(x,y)) where e(x, y) = 
7x-7y eHi(X,Z). 

Proof. This is lemma 4.7 from lJull. □ 



Corollary 2.9. If (p E 7r2(x, y) then we have 

K 

s(x)-s(y) =^n,. ((/.). PD[7,]. 

i=l 

Proof. The disk cj) gives a domain with the property that e(x, y) is repre- 

sented by 

Hi(^S - |zi,...,Zk|,Z^ 



9(I?(0))eHi(X,Z) 



If denotes a smah loop around G S, the domain gives a 2-chain connecting 
e(x, y) and n^^ (0)ei + ■•• + tIz^ {4>)^k- However, is homologous to 7^, and we thus 
have 

K 

- s(y) = PD[e(x, y)] = ^ n,, (<^)PD[7,]. 

i=l 

This completes the proof of the corollary. □ 

Let us finish this subsection with a lemma for computing the Maslov index of a 
periodic domain. Let 

k I 
i=l 1=1 

and assume we have m = fc + Z — 1 points wi, Wm on S such that Wi E Aif] Bi 
for 1 < i < /c, and Wi+jt G Afc n for 1 < z < /. 

Lemma 2.10. For any periodic domain V G 7r2(x,x) such that n^.{V) — for 
1 < i < m we have: 

f,{V)^{c,{M^)]),H{V)). 

Proof. Let Sw = S — nd(w), with w — {wi, ...,Wm}- Now (Ew,Q:,/3) is a 
sutured Heegaard diagram for a sutured manifold which is obtained from X 
by removing neighborhoods of the flow lines passing through w. If i : X-^ — > X is 
the embedding of X^ in X, then i~^(V) is a periodic domain in (Sw,a,/3), and 
by theorem 5.2 from [Jul] we have 

^i{^-'V) = {c,{,M).H{^-\V))). 

We have i*H{V) ^ H{i-^{'P)). Thus it is enough to show that 
(1) ci(s^(x)) =i*ci([s(x)]). 

Let 1/ be the vector field defining s(x), and let V be the extension of to X. Then 
i*ly is the vector field defining s^(x) and thus equation [T] is satisfied. □ 
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Lemma 2.11. For any periodic domain V G 7r2(x, x) we have: 

M^) = (ci(s(x)),i/(P)). 

Proof. Moving the curves by isotopies does not change the two sides of the above 
equahty. We may thus assume that we have m = fc + Z — 1 points wi, Wm on E 
such that Wi e n i?i for 1 < i < fc, and Wi+fc G n for 1 < i < L Let us 
denote nyi,.{V) by n;, and set 

fe i-i 

Q = V- - 

i=l 1=1 

Clearly n^,. (Q) = for i = 1, m, and lemma [2J^ implies (setting s — [s(x)], and 
regarding Q as an element in 7r2(x, x)) 

/x(Q) = (ci(s),iJ(Q)) 

fe 



(2) 



i-i 



;-i 



i=l i=l 

In the last equation we denote by xi^i) ^nd xi^i) the expressions 2 — 2(7^. and 
2 — 2(7b. , respectively, where gA^ and 53. denote the genera of the components in 
91~(t) and 91+ (r) which correspond to Ai and respectively. 

On the other hand, the formula of Lipshitz ( |Lip| ) may be used to compute 
and ^l{Bj) as periodic domains in 7r2(x, x). As such, we will have 

(3) tJL{A,)^x{Ai), z = & ^x{B,)^x{Bi), 3^ I, -J. 

Combining equations |3] and [2] we obtain 

i-i 



i=l i=l 
fe l-l 



i=l i=l 

= (ci(s),ff(P)). 

This completes the proof of the lemma. □ 
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3. Algebra input 

3.1. The A-chain complexes. Let us assume that A is a (commutative) finitely 
generated Z-algebra. 

Definition 3.1. IfM is another (commutative) ring, together with a homomorphism 

(/>B : A — > B we will call (B, (f)^) a test ring for A. 

In other words, a test ring is a ring that has the structure of an A-module. We 
may then define (/>i(a) = a. 1b for a G A. We will denote the image of an element 
a e A in B by [a]", and drop 0b from the notation for simplicity. 

Definition 3.2. A chain complex with coefficient ring A, or simply an A chain 
complex, is an A-module C, together with a homomorphism of A-modules d: C ^ 
C, such that do d = 0. 

Let us assume that (C, d) is an A chain complex. Choose a test ring B and 
let C(B) = C B. The differential d of the complex (C, d) induces a differential 
d» : C(B) ^ C(B). 

Definition 3.3. If {Ci,di) and ((72,^2) are A chain complexes, a homomorphism 

/ : Ci — > C2 of A-m,odules is called an A chain map if f o di = (^2 ° /• 

The following lemma is an immediate consequence of the definitions. 

Lemma 3.4. Let A be as above and suppose that M is a test ring for A. If (Ci, di) 
and {C2,d2) are A chain complexes and f : C\ ^ C2 is an A chain map, then f 
induces a B chain map 

/»:(Ci(B),d»)^(C2(B),d»), 

where df denotes the differential induced by di on Ci{M), i ~ 1,2. 

Associated with any A-chain complex {C,d), and any test ring B, we consider 
the homology group 

H,{C,d:M) :=i?*(C(B),d"). 
We may denote this homology group by i?,(C;B), if there is no confusion. If 
(Ci,rfi) and ((72,(^2) are A chain complexes and / : Ci ^ C2 is an A chain map, 
then the above lemma implies that / induces a homomorphism 

ff : H{Ci,di;M) ^ H{C2,d2:M). 

Definition 3.5. An A-chain map f : {Ci,di) — > {C2,d2) between A chain com- 
plexes is called null-homotopic if there is another A chain map H : (Ci , di ) — >■ 
(C2, (^2) such that f = H o di — d2 o H . f is called a homotopy equivalence of A 
chain complexes if there exist an A-chain map g : {C2,d2) — >■ {Ci,di) such that 
go f — Idci c-'f'd fog — Idc-2 "''^ null-homotopic. f : {C\,d{) — >■ (C2, d2) is called 
a quasi-isomorphism if the induced map 

/» : H{Cudi;M) H{C2,d2;B) 

is an isomorphism for any test ringM. More generally, if^ is a family of test rings 
for A, the A chain map f is called a QS-isomorphism if ff is an isomorphism for any 
test ring B e 05. Two A chain complexes (Ci, d\) and (C2, (^2) are quasi-isomorphic 
if there is a third A chain complex {C,d), together with quasi-isomorphisms fi : 
{Ci,di) — {C,d), i = 1,2. Similarly, we may define ©-isomorphic A chain com- 
plexes. 
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Lemma 3.6. // / : {Ci,di) — > (6*2,^2) is a homotopy equivalence of A chain 
complexes, then f is a quasi-isomorphism. 



Proof. If g : (C2, ^2) ^ (C17 c^i) is the inverse of / such that 

g o f — Idc\ = H o di — di o H, & f ° g — Idc2 = K o d2 — d2 o K, 

for homotopy maps H and K, we obtain the induced maps f^,g^, and K^^ over 
the induced complexes associated with any test ring B. Thus, is an isomorphism 
for any test ring B, and 5™ is its inverse. □ 



3.2. The mapping cones of A-chain maps. Most part of this sub-section is bor- 
rowed from Ozsvath and Szabo's [0S6) (subsection 4.1) with minor modifications. 

If {Ai^di) and {A2,d2) are A chain complexes and / : — >■ A2 is an A chain 
map, we can form the mapping cone M(/) of /, whose underlying complex is the 
direct sum Ai ® A2, which is equipped with the differential 



(4) 



dm — 



di 

/ -d2 



The chain complex M(/) inherits the structure of an A-module from Ai and A2, 
and its differential respects the A-module structure, since di and d2 do so and / is 
an A chain map. The following lemma follows immediately. 

Lemma 3.7. With the above notation, we have M(/)(B) = M(/»). 
There is a short exact sequence of A chain complexes 







- A2 



^ M(/)(B) — 



AA 



-* 0, 



induced from the natural sequence 



A2 



Kf) 



- Ai 



0. 



For each test ring B for A we thus obtain a long exact sequence in homology 



H{A2,d2;] 



i/(M(/),dM;B) HiAi,d,; 



H{A2,d2 



The construction of the mapping cone is natural in the sense that a commutative 
diagram of A chain maps 

/ 



Ai 



A2 



g 

Bi «- B2 
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induces an A-chain map m{(j)i, (j)2) ■ M(/) — > M(g) such that there is a homotopy 
commutative diagram with exact rows 







M(/) 







lTl((/)l,02) 







Bo 



M(.g) 



Bi 



0. 



The following lemma is the main algebraic ingredient in the study of holomorphic 
triangles in this paper. 

Lemma 3.8. (c.f. lemma 4.4 from |OS6p Let {{Ai,di)}°°^i be a collection of 
A chain complexes and {/^ : Ai — >■ be a collection of A chain maps between 

these complexes which satisfy the following two properties: 

(1) There are A homomorphisms Hi : Ai such that 

fi+i ° fi = H^odi + di+2 ° H^, 

i.e. fi^i o fi is null-homotopic via A chain homotopy maps Hi. 

(2) The difference 



fi+2 o H, - H,+i ofi-.A,^ A 



i+3 



is a homotopy equivalence for i — 1, 2, .... 

Then M(/i) is homotopy equivalent to for i > 2. Moreover, if 



fi+2 o Hi — o fi : Ai 



A 



i+3 



is a ?B -isomorphism for some family 05 of test rings for A and for i = 1, 2, then 
is ^-isomorphic to Ai^2 for i > 2. 



Proof. The maps (j)i = (-1)* o Hi - H,+i o f,) : 
maps, making the following diagram homotopy commutative 



A. 



i+i 



(5) 



yi+i 



. fi+3 . 
Ai+3 " 



j4i_|_3 are A chain 



In fact, using the first property in the statement of the lemma we will have 

° fi - fi+3 o 0j = (-1)' ((-fft+2 o H^) odi- di+i o {H.i+2 ° Hi)) , 

and o fi — /,i^3 o (j)i is thus null-homotopic. Let us denote -ffi+2 ° Hi by 
L,:Ai^ A,+4. We then define a, : M{fi) -+ A,+2 and A : Ai M(/i+i) by 



ai{ai, Cj+i) = /i+i(ai+i) - Hi{ai), k l3^{a^) = (/^(aj), Hi{ai)) 
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respectively. Then a^+i o j3i = (— is a honiotopy equivalence by the second 
property above. All the squares in the following diagram commute up to homotopy 



f^ 



A. 



(6) A, 



i+i 



Ai+i 



M(/,) 



A, 



A. 



li+l 



li+2 



lj+2 



A 



li+3 



i+3 



A. 



i+4 



A 



i+3 



i+3 



- A. 



i+4 



M(/,+3) 



1^1+3 



, fz+3 . 



The commutativity of the two squares on the right and the two squares on the left 
already follows from the commutativity of the square in equation [5] The definition 
of ai and /3i+2 imply the equalities 

fi+2 = T^i+3 ° /3i+2, & fi+1 = li^i. 

For the remaining two squares, let us define 

Kl : M(/,) ^ A,+3, Kl{a„a,+i) := H,+i{a,+i), 

Kf : A, -+ M(/,+2), Kf{a,) = iH,{a,),0) 
We can then compute 

o TTj - fi+2 ooii= K] o - d,;+3 oK], & 
Pi+2 o fi+l - (-l)'«i+4 ° <Pi+l = o di+l + dMi+3 ° K'f+i, 

where c/m; denotes the differential of = M(/i). We first claim that 

F, = P,+2 o a, : M{fi) ~+ M(/,+3) 
is a chain homotopy equivalence. In fact, note that 
Fi{ai,ai+i) = Pi+2{fi+i{ai+i) - Hi{ai)) 

= (^fi+2{Hi{a.i) - fi+i{ai+i)),Hi+2{Hi{ai) - /i+i(ai+i))^ 
W(ai,a^+i) := (i7i+i(ai+i),0). 



where 



m 



,(t)i+i){a^,a^+i) {{-ly ^4>i{a^),{-iy(j)i+i{ai+i) - Li{ai)) 



Since m(0i, (f>i+i) is a chain homotopy equivalence, it follows that the same is true 
for Fi. Since a^+s o /3j_|_2 = (— l)Vj+2 is a chain homotopy equivalence as well, it 
follows that a2 is a chain homotopy equivalence (one needs to use the fact that 
•^1+3 1 l^i+2 a-iid Fi are all chain maps) . 



For the *8-isomorphism statement, note that for any test ring B g !B for the 
ring A, we may replace the complexes Ai with Ai{M) and M(/i) with M.{ff) in the 
commutative diagram [6j Then the maps induced on homology associated with the 
first and the third row of the above diagram are exact. From the five lemma, it 
follows that the map induced on homology by (3f+2 ° Q^? is an isomorphism. Since 
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ai-)-3 o /3j_|_2 — 4>i+2 is a *B-isoinorphism, we conclude that /3i+2, and hence are 
*B-isomorphisnis as well. □ 

3.3. Filtration by a Z-module. Let us assume that A is an algebra over Z which 
is generated, as a free module over Z, by a set G(A) of generators. We will assume 
that 1 G G{A). The choice of this basis for A as a free module over Z will be 
implicit in our notation. Furthermore, let H be a Z-module. 

Definition 3.9. By a filtration for A with values in H we mean a choice of the 
basis G{A) for the free Z-module A, and a map 

X : G(A) H 

which satisfies = and x(a6) = x(ci) + x(^) for all a,b G G{A). The pair 
(A, X '■ G{A) — > H) is called a coefficient ring filtered by H. We will typically drop 
X and the choice o/G(A) from the notation, if there is no confusion, and will denote 
the filtered ring by the pair (A, H) . 

Suppose that : A ^ B is a test ring for A which is a free Z-module on its own 
with basis G{M), and that 

XB : G(B) H 

is a filtration for B. 

Definition 3.10. We say that xb is compatible with % if 

<AB(a)e(x^Hx(a)))zCB, V a e G(A). 

If this is the case, we will call the triple (B, (f)^, Xb) o, filtered test ring for (A, H). 
Again, when there is no confusion we will denote this triple by (B,H). 

Let us assume that (C, d) is an A chain complex, that x '■ G{A) — H is a filtration 
for A, and that C is freely generated over A by some subset / of C. 

Definition 3.11. We say that the A chain complex (C, d) is a filtered (A,]HI) chain 
complex if there is a basis I C C for C over A and a filtration 

X : / X 7 ^ H, 

which satisfies: 

1) x(ci,C2) = -x(c2,ci) for all ci,C2 e /. 

2) X(C1,C2) +X(C2,C3) = X(C1,C3), for all Ci,C2,C3 e /. 

3) For any c G I, d{c) = J2^=i ^i^i> ^i, ...,cjv S I and ai, ...,aN S G(A), such 

that 

X{c,ci) = x{ai), Vie {!,..., AT}. 
We are of course abusing the notation by denoting both the filtration of C and the 

filtration of A by x- 

If {C,d) is a filtered (A,H) chain complex as above, one may think of x(ci,C2) 
as the difference x(ci) — x(c2)) where x : 7 — )• S and S is an afiine space over the 
module H. With this new notation, x{a-c) for a G G{A) and cG I may be defined 

as x(o) + x(c) e S- 

Clearly, taking the tensor product of {C,d) with any filtered test ring (B,]HI) 
results in a filtered (B,]H[) chain complex. 
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Definition 3.12. An A chain map f : {Ci,di) — > ((72,^2) between (A,EII) chain 
complexes {Ci,di) with basis li, i — 1,2 and filtrations X11X2 is called a filtered 
(A,H) chain map if for all c,c' G Ii we may write 

N M 

f{c) = /(c') = "j^r e ^(^)' ^ ^'3 G -^2, 

such that for any i — 1, N and j = 1, M we have 

Xi{c,c') = X2{bi,b'j) + x{ai) - x{a'j)- 

In particular, if for some affine space § over H, there are maps Xi '■ Ii ~^ ^ which 
satisfy Xi(ci,C2) = Xj(ci) — Xj(c2) for i = 1,2 and ci,C2 € Ii, the above condition 
may be translated to X2{(^ibi) = Xi(c) for i = 1, N , whenever /(c) = X^iLi '^i^i 
with Oi e G(A) and 6^ e /2. 



Similarly, we may define the notion of a chain homotopy respecting the filtra- 
tions (i.e. (A.H) chain homotopy), and filtered (A,H) chain homotopy equivalence. 
Mapping cones of filtered (A, H) chain maps are filtered (A, H) chain complexes. 



Moreover, the following refinement of lemma 3.8 may be proved with with a similar 
argument. 



Lemma 3.13. With the notation of lemma \3.^ if the A chain complexes Ai 
are all filtered (A,IHI) chain complexes, the A chain maps fi, as well as the A- 
homomorphisms Hi are all (A, H) filtered, and fi^2 ° Hi ^ -ffj+i ° fi o,^^ filtered 
(A,H) chain homotopy equivalences, M(/i) is filtered (A,]HI) chain homotopy equiv- 
alent to Ai^2- 

3.4. The algebra associated with the boundary of a sutured manifold. 

Let {X, r) be a balanced sutured manifold. We will assume that 



9\-{r)^\jRr, & DI+{t)=\Jr^ 



i=i j=i 

Here and R^ are the connected components of D\^{t) and $H+(t) respectively, 
for i = 1, ...,k and j = 1, and let g~ denote the genus of R^ and denote 
the genus of i?^. The set of sutures r = {71, ...,7k} determines an algebra over Z 
as follows. Consider the free Z-algebra 

Z[k] := {Xi,...,X^)^ :==Z[Ai,...,Ak], 

and consider the following elements in it 

k I 

X- = X-{t) ■.= J2KR7), & A+ = A+(t) :=^A(i?+), where 

2=1 i=l 

A-=A(i?-):= Yl A,, l<i<k, k 
A+ = A(i?+):= n l<^<l. 
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Consider the following quotients of (Ai,...,Ak), which are all finitely generated 
algebras over Z: 



(Ai,...,A«)^ 



(Ai,...,A«)^ 



(Ai,...,A«)^ 



A^ U = 1,...,A:) + (A+ I j = 1,...,/ 



Clearly A = At-,A = A,- and A = are all generated, as modules over Z, by 
elements of the form Y[i=i ^^T^ where ai are non-negative integers. We will denote 
the set of all such monomials by G(A) — G{A). The ring A^r will be used as the 
coefficient ring for the Ozsvath-Szabo chain complexes which we introduce in this 
paper, while A,- is used to make the admissibility criteria for the Heegaard diagrams 
slightly stronger, and is not really essential in our construction. The ring A,- will 
appear when we discuss a generalization of Juhasz' surface decomposition formula 
from TuT later in [?]. 

One may define a natural map, called the Poincare duality character in this 
paper, from G{A) to the Z-module H = E^{X, dX, Z) by 

X ■■ G{A) — ^ H = n^iX, dX- Z), 

x(n^r) :-aiPD[7i] + ... + a,PD[7j, V Oi, .., a, G Z^°. 

As defined, x is just a map from the set of generators for Z[k] to lP{X,dX,Z). 
However, since xiHK)) = -^'^[dRr] = and x(A(i?+)) = PB[dR+] ^ for 
all i = l,...,/c and j — the map is well-defined on G{A) and G(A). The 

Poincare duality character gives filtrations of A and A by H = li^{X,dX;Z). 

We may also define a map from the set of positive Whitney disks associated 
with a Heegaard diagram (I],a,/3, z) for {X,t) to G{A) and G{A) by computing 
the local multiplicities of the domain associated with each disk at the marked points 
in z: 

A = A, : [] 7r2+(x,y) ^G(A) 

x,yeT„nT3 



AW :=n^^^*^ Vx,yeT„nT^, & V e ^2+(x, y). 



Similarly, we may define A = A^ : 7r^(x,y) G{A). Note theta A is just the 
composition of A with the quotient homomorphism A A. The composition 
x(A(0)) in iP{X,dX,Z) will be denoted by H{(j)) for any e 7r^(x, y). Of course. 
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the definition of H{(j)) may be extended to arbitrary <j) G 7r2(x,y) by setting 

i?(0) = ^n,^(0)PD[7,]. 



Thus, corollary 2.9 may be re-stated as 

(/)e7r2(x,y) s{x) -s{y) = H{(f>). 

Lemma 3.14. With the above notation, if X (z G(At-) is a monomial and A" = 
for some positive integer n G then X = in A,-. In other words, A^- does not 
contain any non-trivial nilpotent monomials. 



Proof. It suffices to show that = implies A = 0. Since the monomials are 
linearly independent (over Q) in Z[/t], A^ = implies that at least one monomial in 

{a+ I 5+ >0}U{A,r I 9->0] 

divides A^ in Z[k]. Note that all the monomials in this set are square free. Thus, if 
A,^ for some index i with > divides A^ in Z[k], it should divide A as well, and 
A = in A. Similarly, if A~ for some index i with g^^ > divides A^ in then 
A = in A and we are done. □ 



Example 3.15. // the boundary of the sutured manifold {X,t) consists of a torus 
T, and if on T we have 2n parallel simple closed curves /ii, /i2n; we may assume 
that the corresponding sutured manifold is defined by the following data: 

n n 
dRj = fJ.2j-l + l^2j, & dRj = -^l2j - l^2j + l, .7 = 1, 

The sutured manifold {X, t) determines a knot K inside the closed three- manifold 
Y , obtained by gluing a 2-handle to one of fii and then a S-handle to the spherical 
boundary of the new three-manifold. The torus T may then be pictured as the 
boundary of a neighborhood of K in the resulting closed three-manifold. 
Let Xj denote the variable associated with the suture iJj, j — 1, ...,2n. Then, since 
all the components in $H(r) are surfaces of genus zero, the following relation is the 
only relation satisfied in A^ ; 

A1A2 — A2A3 + ... + A2„-lA2n — A2nAi = 0. 

In other words, we have 

(A1A2 + ... + A2„-lA2n — A2A3 + ... + A2nAi) 

In particular, for n = 1, the above relation is trivial and A^- = Z[Ai,A2] is the 
coefficient ring used by Ozsvdth and Szabo in defining GY^ {Y,K). 

Suppose that (^,7") is a balanced sutured manifold, and H = (E,q:,/3,z = 
{zi, Zf;}) is a Heegaard diagram associated with it, and A^ be the corresponding 
algebra. Associated with the Heegaard diagram is a free A^-module generated 
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by the intersection points x G D We will denote this free A^-module by 
CF(X, r; H). We thus have 

CF{X, r; il) : = {^x I X e T„ n T;3^^ 

= ^a.x I X e T„ n & a e G{kr)^^. 

The assignment of relative Spin'^ structures in S = = Spin'^(X, r) to the inter- 
section points in fl by the map 5=5^ may thus be regarded as a filtration 
on the module C¥{X,t;H). 
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4. Admissible Heegaard diagrams 

4.1. The notion of s-admissibility. Let (S, a,f3,z = {zi, z^}) be a Heegaard 
diagram for tlie balanced sutured manifold {X,t = {71, ...,7^}). As before, we let 

k I 

E-cx = l[Ai, & E-P = l[Bi. 

i=l i=l 

Definition 4.1. LetX = X{1, k) be the three manifold obtained by filling the su- 
tures in T. For s G Spin'^(X), a Heegaard diagram, (S, a,(3,z) is called s-admissible 
if for any nontrivial periodic domain V with the property {ci{s), H{'P)) = one of 
the following happens, 

(a) There is a point w e S such that nu}{V) < 0. 

(b) We have V>0 and X{V) = OinA. 

Lemma 4.2. For s G Spin'^(X), let (S,q:,/3,z) be an s-admissible Heegaard dia- 
gram for the balanced sutured manifold {X, r) . Then for any two intersection points 
X, y e n with s(x),5(y) e 5 C Spin'^(X, r), and for any integer j there are 
only finitely many cj) G 7r2(x, y) such that = j, 'D{^) > and X{<p) ^ 0. 



Proof. Suppose that, for an integer j, theie are infinitely many <p G 7r2(x, y) 
such that = j, 'D{^) > and X{^) ^ 0. Fix an element ^0 G 7r2(x, y) with 

these properties. Any (f) G 7r2(x,y) with these properties can then be written as 
(j) = (j)Q+V where V G 7r2(x,x) and fi{r) = {ci{s), H{V)) = 0. Thus the set 

Q = {vG 7r2(x, x) I tx{r) = o,r + viM > o, a(0o + r)y^o} 

is not finite. Let m denote the total number of domains in E — a — /3, and Dj, for 
i = I, ...,m, denote the corresponding domains. Consider Q as a subset of the set 
of all lattice points in the vector space 



V=(VG 772 (x,x) I {cii5),H{V)) = 0)^ C 



Here, is the vector space generated by the domains Di,i = 1, ...,m over M. If Q 
is not finite, there is a sequence {'Pi)'^i in Q, such that WViW — > 00. By passing to a 
subsequence if necessary, we may assume that the sequence is convergent 

on the unit ball inside V. Since WViW — ^ 00, and Pi + V{(j)Q) > 0, it converges to a 
real vector in M™ with non-negative entries. Denote the limit of (jj^^) by V, which 
is a periodic domain with non-negative real entries. There is a positive rational 
periodic domain 7-", sufficiently closed to V, such that 

• The Maslov index ii{V) = 0, i.e. V gV 

• If the coefficients of V in some domain Di is zero, the coefficient of V in 

is zero as well. 

Thus for a sufficiently large number M, MV — 'P is a positive periodic domain. 
After multiplying V with an appropriate positive integer N, we obtain a positive 
periodic domain NV with integral coefficients, and with Maslov index zero i.e. 
{ci{s),H{NP)) = 0. The s-admissibility condition implies that X{NV) = 0. Since 

MN 

lim (V{ct>o)+ri)=MNr, 
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and T>{(j)o) +'Pi > 0, there exists a sufficiently large integer A' > such that 



Note that WViW — > oo, thus for an K sufficiently large we have 
M 

<1, & N{V{cf,„)+V^)-NV>0, yt>K. 



XiN(V{M + Vi)) = for any 



3.14 



we should 



The equality \{N'P) = implies that 

i > K. Since there are no nilpotent monomials in A,- by lemma 
have X{(f>i) = for any i > K, which is in contradiction with the assumption that 
the map A is nonzero over the classes (f>i. □ 



Remark 4.3. When we use a test ring B for (which comes together with a 
ring homomorphism '■ A^ — >■ BJ as the ring of coefficients for the chain complex, 
it suffices to assume that the Heegaard diagram (T,, a, (3,z) is admissible in the 
following weaker sense: IfV is a periodic domain with V > and (ci(s), H[V)) — Q, 
then ps{X{V)) = 0. In particular, for B = Z this gives us the notion of weak 
admissibility used by Juhdsz |Jul) . More generally, define 



{ UU XT^l\n,e Z>" & J:"^^, n,[7,] ^ m Hi(X; Z)/Tors) ' 
Clearly B^ is a quotient of A,- . Let us denote the quotient map by 

Pr ■ A^ — > Br- 

Any positive periodic domain V with \-z,{V) — nr=i '^r* determines a 2-chain in 
X with boundary equal to X^iLi'^^T*- This implies that Pt(Az('P)) = 0, unless 
ni ri2 = ... = n„ = 0. Thus, the notion of admissibility for the coefficient ring 
V>r is a direct consequence of weak admissibility in the sense of Juhdsz |Julj . 

4.2. Existence of s-admissible Heegaard diagrams. . Performing special iso- 
topies on the curves in ct, as in ;0S5j . produces s-admissible Heegaard diagrams. 

Definition 4.4. Let 7 be an oriented simple closed curve in E. Consider the co- 
ordinate system {t,6) G (— e, e) x S*^ in a neighborhood of j — {0} x S^. The 
diffeomorphism ofT, obtained by integrating a vector field supported in this neigh- 
borhood of 7 with the property d9{^) > is called winding along 7. Let a be a 
simple closed curve which intersects 7 in one point and (j) be a winding around 7. 
// 0(a) intersects a in 2n points then we say that (j) is an isotopy which winds a 
n-times around 7. 

Lemma 4.5. Let (JT, r) be a balanced sutured manifold as before, X be the three- 
manifold obtained from {X,t) by filling the sutures, and 5 € Spin'^(X) be a Spin*^- 
structure. Then {X, r) admits an 5-admissible Heegaard diagram. Moreover, every 
Heegaard diagram (S,Q!,/3,z) for {X,t) may be modified to an S-admissible Hee- 
gaard diagram by performing isotopies (supported away from the marked points) on 
the curves in a. 
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Proof. Let (I],a,/3,z) be a Heegaard diagram for {X,t). Let 

k I 

i=l i=l 

be the connected components in the complement of ol and /3 respectively. For any 
i e {!,...,&} and j G {1,...,/} wc can find a curve 7 such that 7 connects dAi 
to and avoids Ai and _Bj. By finger moving those a curves which intersect 

the curve 7 (simultaneously) along 7, we create a new Heegaard diagram with 
the property that Aif\Bj ^ 0. Repeating this procedure for all i = 1, A; and 
j = 1, I, we may thus assume that 

A, nSj 7^0, Vi = l,...,A;, j = l,...,L 

Let «() be a set of disjoint simple closed curves on S, disjoint from a, such that 
S — a — CKo has the same number of connected components as S — a, and all of its 
connected components have genus zero. Furthermore, let a = ai U 02 where 



"2 = ja, e a I 3j Ui C dAj^. 



For i = 0, 1, 2, let us denote the number of elements in on by ^j. Thus, in particular, 

We define a graph G with A; vertices corresponding to the domains Ai,...,Ak. 
The edges of G correspond to the elements of 0:2, i.e. if a € 0:2 is a curve in 
dAir\dAj, we put an edge in G connecting Ai to Aj associated with a. If = T,[ai] 
is the surface obtained from S by surgering out the elements of ai, each loop in 
G corresponds to a homologically nontrivial simple closed curve in S[ai] which is 
disjoint from olq. In other words, each loop in G corresponds to a homologically 
nontrivial simple closed curve in S[q:o U ai]. Furthermore, h = dim(IIi(G,Z)) is 
the genus of S[ao U ai]. One may easily compute h = i2 — k + 1. 

Consider a set of pairwise disjoint simple closed curves 

7 = 7i U 72 = {7\ ...y^} U ••-7'-'+'} 

on E with the following properties. First of all, we assume that 7^ is a dual set for 
(X\ i.e. each element of 7^ intersects exactly one element of ai with intersection 

number one, and for each clement of cti there is one element of intersecting it 
(with intersection number one). Furthermore, we assume that 

7i n ao = 7i n 0:2 = 0- 

The set 72 corresponds to a basis for Hi(G,Z) which is a set of disjoint, oriented, 
and linearly independent simple closed curves on S[ao U ai]. There is a one to 
one map « : 72 — > 0L2 with the property that for each 7 € 72 the curve 1(7) has 
nonempty intersection with 7. In fact if this is not true, by Hall's theorem there is 
a subset of 72 with n elements, say {7'S •••)7'"} C 72, such that for 

^=|aeQ;2 3je{l,...,n} s.t. af^^''^^%^ 

we have \A\ < n. Since the sum of the genera of the connected components of 
S[a] is £0, S[a — A] is a surface whose genus is less than or equal to \A\ + Iq. 
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Furthermore, the curves in {7*^, ...,7*"} U ccq are linearly independent in 

Hi(S[a-yl],Z). 

Thus the genus of T,[oc2 — A] is at least n + io which is in contradiction with the 
assumption \A\ < n. 

Choose a parallel copy of each curve 7* for i = 1, — A: + 1, with the opposite 
orientation and denote it by 7^ We will assume that 7* is drawn on E very close 
to 7*. Let Vi e 7' be points which are not contained in any of the a ov (3 curves 
for any 1 <i<t + k—l and denote the corresponding points on 7' by Vi. For any 
integer N , by winding the a curves N times along the 7 curves we mean winding 
all the a-curvcs which cut 7* (and hence 7*) times along 7* and times along 
7*, for any of the curves 7%i = !,...,£ — A; + l. The windings around either of 7* 
and 7' will be done simultaneously for all the a curves, so that the new a-curves 
remain disjoint from each other. 

Let Q be the Q-vector space generated by the periodic domains V such that 

^i{v) = {c,{B),H{v)) = o. 

One may write Q as a direct sum 

Q={Qf\{A^,...,Ak,B^,...,Bi)^®P, 

for sum subspace P of Q which is generated by the periodic domains {V\, ...,Vb}- 
Thus any periodic domain V in the vector space Q is of the form 

h k I 

i=l i=l i=l 

where of course the coefficients and bj for i = l,...,k and j = should 
satisfy the relation 

k I k I 

/x( J2 + J2 ^i^i) = - 25(^z)) + - 25(Bi)) = 0. 

i=l i=\ i=l i=\ 

In the above expression g{Ai) and g{Bj) denote the genus of and Bj respectively, 
for i = 1, k and j = 1, I. 

Corresponding to any curve 7' € 7 we define a map p^^t from P to Q. If "P g P 
is a periodic domain and 

t I 

i=l i=l 

we may define the functions Pji by 

e 

PrCP) = V i G {1, k + 1}. 
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Here #(7*.Q;j) denotes the intersection number of 7* with aj. If for some periodic 
domain V G P we have p^i {V) = 0, for 1 < i < ^ — fc + 1, we may conclude that 

#{dar.j')=p^i{v) = o, V i<i<e-k + i 

k 

=^ daV = dlJ^aiAi), for some ai, ttfc G Q 
1=1 

k 

^ d{V-Y,'^iAi) G (/3i,-,/3^)q 

i=l 

fc ( 

P = ^ajAj + for some 61, 6; e Q 

i=l i=l 

Prom the assumption V G P we have P = 0. Thus the map 

e : p — ^ Q^-'^+i 

e(P) := {p^4V),p.,4V),....p.^i-.+i{V)) 

is one to one. By a change of basis in P, and changing the order curves in 7 if 
necessary, we can assume that 

^M'Pj)) = Sij V l<i,j<b, 
where the projection over the i-th factor. 

We would first like to show that for any positive periodic domain Q in Q, which 
is not included in the vector space generated by Ai's and Bj's, there is an integer 
A'^ = N{Q) such that by winding a-curvcs N times along the curves in 7 (in both 
positive and negative directions) the new periodic domain obtained from Q will 
have some negative coefficient. Let 

b fc I 

i=l i=l i=l 

be a positive periodic domain in Q such that there is an index i so that ^ 0. 
Then we may choose an integer N such that 

\qi\N > max {n„.(Q),nc,(Q)}. 

Wind the a curves A'' times along 7 curves. In the new diagram (obtained after the 
above winding procedure) let 

[v[,...,ViA[,...,AlB[,...,Bi} 

be the new set of periodic domains obtained from 

{Vi,...,Vb,Ai,...,Ak,Bi,...,Biy 

Note that we may compute the coefficients of these new domains at Vi and Vi from 
the following equations 

nviiA'j) = ny,{Aj), V j = 1, fc, ny^{Bj) = ny,{Bj), V j = 1, 
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Similar equations are satisfied for tlic local coefficients at Vi. In fact, we will have 
^vii'P'i) = ny.{'Pi) — N, while the rest of local coefficients remain unchanged. If 
Qi < we thus have 

and if 5i > then n^.{Q') < 0. 

To finish the proof, first suppose that there is an integer N such that, after 
winding the a curves N times along the curves in 7, any periodic domain Q € Q 
with integer coefficients either has some negative coefficient or A(Q) — 0. Then we 
are clearly done with the proof of the lemma. So, let us assume otherwise, that 
for any integer n there exists a periodic domain Q„ with integer coefficients in Q 
such that after winding the a curves n times along the curves in 7, the resulting 
domain Q'^ is positive and satisfies A(QJj) 7^ 0. Let {Qn}^=i be the sequence 
constructed from these elements of Q. As in the proof of lemma [4?2l after passing 
to a subsequence if necessary, we may assume that the sequence {jg^li^Li is 
convergent. 

Let us assume that 

i^oo ||y„| 

If Q is not in the real vector space generated by Ai^s and -Bj's, there is an integer 
TV with the property that after winding the a-curves N times along all the curves 
in 7, the resulting domain Q' will have some negative coefficient. So there is an 
integer K such that for any i > K, Q[ has some negative coefficient after winding 
the a-curves N times along 7. This is in contradiction with the definition of Qi if 
i > N. Thus Q may be written as 

_ fc I 
(7) 2 = II + 

1=1 i=l 

for some coefficients Ui and bi in M. 

Note that Q > 0, which implies that for any w € S, we have 

k I 
i=l i=l 

Since Ai H Bj 7^ for i = 1, A: and j — 1, we may pick w = Wij to be a 
point in this intersection. But for this choice of w, the above inequality reads as 
Oi + bj > 0. If bj is the smallest of all &i, &/, the above consideration implies that 
Ui + bj > for all i = I, k. We may thus write 

k I 

Q = ^(a, + bj)A, + ^(6, - b,)B,, 

1=1 'i=i 

since J^i — Tli — ^- However, all the coefhcients in the above expression are 
non-negative. As a result, after replacing these new coefficients, we may assume 
that the real numbers and bj in equation [7] are positive. 
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As in the proof of lemma |4.2[ choose a positive rational periodic domain 



k I 

1=1 j=i 

which is sufficiently close to Q, and such that the coefficient of Q £ Q in the domains 
where Q has zero coefficient is zero as well. As before, there are integers iV and 
M such that NQ is a periodic domain with integer coefficients and MQ — Q > 0. 
The positivity of the coefficients of NQ imply that X{NQ) = 0. Moreover, there is 
some positive integer K > such that for i > K we have 

^ NQ,-NQ>0. 

This means t hat fo r i > K, we have X{NQi) = A(Qj)^ = 0. Thus we may conclude. 



using lemma 3.14 that X{Qi) — for i > K. This is in clear contradiction with 



our assumption on the integral periodic domains Qi. 

The above argument shows that there is an integer N with the property that 
after winding the curves in a a total of N times along the curves in 7 we obtain 
an s-admissible Heegaard diagram. This completes the proof of the lemma. □ 



Remark 4.6. The argument of lemma pT5| may he extended to show that for any 
balanced sutured manifold {X^t) and any Spin'^ class s G Spin'^(X) there is a Hee- 
gaard diagram (S,q;,/3,z) which is admissible in the following stronger sense. IfV 
is a periodic domain with V > 0, and X{V) ^ in A,- then 

{ciis),HiV)) >0. 

When there are genus zero components in ?1(t), the above criteria is the same as 
s- admissibility condition. However, in certain situations where all the connected 
components of lH(r) have positive genus, using such Heegaard diagrams may he 
useful. We face this situation in section^ 
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5. The chain complex associated with a balanced sutured manifold 

5.1. Holomorphic disks and boundary degenerations; orientation issues. 

Let us assume that (S, a, /3, z) is an s-admissible Heegaard diagram for a balanced 
sutured manifold {X,t) and s € Spin'^(X ). We assume that |a| = \(3\ = £ and 
that z = {zi,...,Zk}. We have already defined 7r2(x,y) for any two intersection 
points X, y G Tq H T^. In discussing the analytic aspects of a Floer theory, we need 
to consider boundary degenerations and sphere bubblings as well. We recall the 
following definitions from |0S8| . 

Definition 5.1. Suppose that x G H is an arbitrary intersection point. A 
continuous map 

: M X [0,oo) — > Sym^(S) 
satisfying the boundary conditions 

V'(mx {0}) CT„, 
lim ip{s,t) = X, & lim ip{s,t) —x 

|s|->-oo t-i-oo 

is called an a-boundary degeneration. The space of homotopy classes of such maps 
is denoted by (x). The space {x) of /3-boundary degenerations is defined 
similarly. 

If {Jt = Sym^(j()}tg[o^i] is a generic path of almost complex structure, associated 
with any (j) € 7r2(x, y) we may consider the moduli space of the representa- 

tives 

u: [0,1] xM->Sym^(S) 
of (j) which satisfy the time dependent Cauchy-Riemann equation 
nil nil 

^{t, s) + Jt^^it, s) = 0, V (t, s) e [0, 1] X M. 

Similarly, for any t/j e (x), N(^]) consists of the representatives u : [0, oo) x M ^■ 
Sym^(E) of -ip which are Jo-holomorphic. Also, for any ijj £ (x), Afiip) consists 
of the representatives u : [0,oo) x M — >■ Sym^(E) of ijj which are Ji-holomorphic. 

The determinant line bundle associated with the linearization of the (time de- 
pendent) Cauchy-Riemann operator over the moduli of representatives of any of the 
above homotopy classes is trivial. This makes it possible to equip the correspond- 
ing moduli space with an orientation. Following Ozsvath and Szabo's approach in 
|0S5] . we may choose a coherent system of orientations as follows. 

As in the previous sections, let us assume that 

k I 

where Ai and Bj correspond to the components C $H^(t) and C £H+(t) 
respectively. Thus, the genus of Ai is g~ and the genus of Bj is g'^ . Without loosing 
on generality, let us assume that I > k. Let Xg, ...,Xm be all the intersection points 
in T^nT^ which correspond to the Spin^ class s. Choose a disk class G 7r2(xo, xj 
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for each i, and complete the classes of the boundary degenerations Ai, and 
-Bi, ...,Bi_i to a basis for the space of periodic domains in 7r2(xo,Xo). Note that 

Bi=Ai + ...+Ak-{Bi + ...+Bi^i) 

is the only relation satisfied among Ai, and Bi, Bi. Let us denote this basis 
by '01, V'n- The choice of an orientation (i.e. one of the two classes represented by 
a non-vanishing section) on the determinant line bundle associated with the classes 
01, 0m and V'l, induces an orientation on the moduli space corresponding 
to any class G 7r2{xi, Xj), < «, j < to. In fact, + 0^ — 0j is a periodic domain 
in 7r2(xo,Xo), and is thus a linear combination of the classes tpi, ...,ipn- As a result, 
is a juxtaposition of (possibly several copies of) classes in 

|01,...,0„,V'l,---,V'n}, 

and thus inherits a natural orientation in our system of coherent orientations. 

Let us study the boundary degenerations and their assigned orientation more 
carefully. Any periodic domain ip S 7r2(x, x) such that d'D{'ip) is a union of a- 
curves determines the class of an a boundary degeneration. Thus, the domain of 
any a boundary degeneration ijj e 7r2 (x) is a linear combination of Ai, A^.: 

V{tP) ^ aiAi + ... + akAk. 

We may use Lipshitz' index formula to compute the Maslov index of ip: 

m(V') = aix{Ai) + ... + akx{Ak)- 

If furthermore, I?(^) is a positive domain, e.g. if is a holomorphic boundary 
degeneration, then all are non-negative. We may then define the map 

A: II (^^^+(x)Il7r2-+(x))->A., A(^) JJ ^'^^ 
xeT„nT;3 1=1 

Here, we use '^(x) (respectively, ttj '^(x)) to denote the subset of 7r2 (x) (respec- 
tively, 7r2 (x)) which consists of the classes ip with I?(?A) > 0. 

If an a boundary degeneration ^ as above is positive and A(^) 7^ 0, we may 
conclude that for i = 1, either = or the genus of Ai is zero. Without 
loosing on generality, assume that the genus of Ai, A^o is zero, and that the rest 
of Ai have positive genus. Thus 2?(V') > and X{tp) ^ implies that 

V{ij) = aiAi + ... + ak,Ako. 

Consequently /i(V') = 2(ai + ... + 0^.^). Similarly, we may assume that the genera of 
Bi, Big are zero, and that the rest of Bi have positive genus. This would imply 
that for any ip G 7r2 (x) with I?(^) > 0, we will either have A('0) = 0, or 

V{^) = biBi + ... + bi,Bi,, & fi{iP)^2{bi + ... + bi„). 

In theorem 5.5 from |0S8j . Ozsvath and Szabo prove the following statement. 
In fact, the statement of their result is less general, but the proof applies in the 
following more general setup as well. 
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Lemma 5.2. Let ijj he the class of a boundary degeneration, and that a coherent 
choice of orientation is fixed for the Heegaard diagram (E, a, /3, z) . IfDltJj) > 0, 
X^Tp) 7^ 0, and ^J,{'ip) < 2 then 'D{'ijj) = Ai or 'D{ip) = Bj for some I < i < ko or 
1 < J < ^0 (orip is the class of the constant map). In the first case (i.e. V^ip) = Ai) 
we have 

'O if k = l 

±1 if k> 1. 



where n{'ip) = ^Af{ip). Similarly, for 'D{'ijj) = Bj we have n('0) = if I = 1 and 
n('i/') = ±1 if I > 1. Here Af{ip) is the quotient of M{ip) under the action of the 
subgroup 

a b 







a e M+, beR} < PSL2 



Proof. See |0S8j theorem 5.5. Note that the moduh spaces are now equipped 
with an orientation, and we may thus count the points of the moduh spaces with 
sign, instead of working modulo 2. The choice of the plus or minus sign comes from 
the choice on the orientation associated with the homotopy classes Ai and Bj of a 
and /3 boundary degenerations respectively. □ 



The argument of Ozsvath and Szabo in fact implies that there is a natural choice 
of orientation for Ai, Ai^^ and Bi,...,Big which makes the value of n.(V') equal 
to +1. This choice of orientation basically comes from the complex structure on 
the surface E, since the moduli space of boundary degenerations associated with 
any of Ai,...,Akg and Bi,...,Big is eventually, possibly after stretching the necks, 
is identified with the group Q via Riemann mapping theorem. This implies a form 
of compatibility among these preferred orientations on Ai,...,Ako and Bi,...,Big. 
More precisely, if /c = feg a-nd I = Iq, choosing the preferred orientation associated 
with Ai, Ak, Bi, Bi-i induces an orientation on the moduli space correspond- 
ing to Bi . This orientation is the same as the preferred orientation associated with 
Bi. If Iq < I (or if ko < k), we are free to choose the preferred orientation associated 
with the classes Ai, Ak^ and J5i, Bi^ without any compatibility requirement. 
We may thus present the following definition. 



Definition 5.3. A coherent system of orientations associated with the Heegaard 
diagram (E,q:,/3, z) for the balanced sutured manifold {X,t) and the Spin'^ class 
s € Spin'^(X ) is an assignment of an orientation to the determinant line bundle 
of the linearized Cauchy- Riemann operator associated with all classes in 7r2(x, y) 
(for all X, y G Tq, H T^J with the following properties: 

• 0(01 -* ii'2) is the orientation induced by o(0i) and o{(j)2) via juxtaposition, for 
any X, y, z e Tq n representing 5, and any 0ie7r2(x, y) and (1)2 € '!T2(y , z) . 

• For any x G H representing s, any C 9^^(t) with — 0, and 
any Rj' C D\~^{t) with g'j = 0, let us denote by G tTj (x) and G (x) the 
classes of boundary degenerations corresponding to R~ and R'j respectively. Then 
o(Tp~) and 0(1})^) are the preferred orientation of Ozsvath and Szabo on J\f{tp^) 
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and Afi^ip^) respectively, which give n{ip ) = 1 and n{'ip^) — 1 (if k > \ and I > 1 
respectively). 

The last assumption implies, in particular, that the orientation induced on the 
periodic domain determined by E is the natural orientation on it, as defined in 
section 3.6 of ^0S5j. 

Let us assume that ip S (xq) satisfies ^{ip) S {Ai, ...,Akg}, say T>{ip) — Ai. 
Furthermore, assume that a preferred orientation on Af{')p) is fixed as before. At the 
same time may be regarded as a class in 7r2(xo,xo), and a moduli space A4{4>) 
may also be associated with ip. This moduli space is smooth and two dimensional 
as well, and gives an open 1-manifold A4{^p) after we mod out by the translation 
action of M. The choice of orientation on Af{tp) induces an orientation on A4{tp) 
as well. The reason is that the determinant line bundle of the (time dependent) 
Cauchy-Riemann operator on both these moduli spaces is pulled back from the 
same model, as discussed in subsection 3.6 in |0S5| . 

According to the discussion of section 5 from [0S8J, Afitp) will then appear as 
a boundary point of the smooth one dimensional manifold A4{4')- This induces a 
second orientation on Af{ip), as the boundary of the oriented moduli space 
Whether this second orientation agrees with the orientation of Af{ip) as the quotient 
of under the action of G or not depends on our convention for the embedding 

of the translation group M (which acts on on A4{iJj)) in G, as will be discussed in 
more detail below. The same discussion is valid for /3 boundary degenerations. 

By the Riemann mapping theorem, the half plane 



is conformal to the unit disk, or to the strip [0,1] x M C C. We may thus think of 
H"*" as the domain of the class ip, when considered as an element in 7r2(x, x). We 
may then fix a real number r G M and interpret ^ as a class with 



Furthermore, we have to assume that ip{r,0) and 7/1(00) are both the intersection 
point X S Tq, n The group G consists of the maps pa^b for a > and e M 
which are defined by 



With this notation fixed, the re-parametrization group of the domain oi-ip £ 7r2(x, x) 
is then identified as 



If we identify a as the exponential of a real number, the subgroup M,- is identified 
with M. This induces an orientation on the one dimensional subgroup of G. 

As r approaches —00, the limit of the subgroups determines the embedding 
of the translation group in the automorphism group of the domain of a boundary 
degenerations. In the this case, assuming r << we may write 



H+ 



M X [0,+oo) c C 




Pa,b{^) ■= az + h. 




c 



c e (r, 00), b = c. 



a 



1 



r 
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As c grows large, a grows large as well. Thus the above parametrization of 
by the interval (r, +00) is orientation preserving. With r converging to —00, the 
sequence {pi-{c/r),c}r converges to 

The limit of M^i as r — > — c», is thus the translation subgroup 

Ka = [pi,c CGM| <G, 
and the above parametrization of is orientation preserving. 

On the other hand, when r approaches +00, the limit of the subgroups 
determines the embedding of the translation group in the automorphism group of 
the domain of /3 boundary degenerations. In the this later case, assuming r >> 
we may write 

a=l , ce(— oo,r), =^ b = c. 

r 

This time, as c grows large, a becomes small. Thus the above parametrization of M^. 
by the interval (—00, r) is orientation reversing. With r growing large, the sequence 
{Pi-(c/r),c}r converges to 

pi,e:H+-^H+, pi4z) = z + c. 

The limit of IR^, as r ^ +00, is thus the translation subgroup 

K/3 = {pi,c| ceM} <G, 
but this time, the above parametrization of M.p is orientation reversing. 

With the above conventions for the orientations of G, M^, and fixed, we 
have thus proved the following lemma. 

Lemma 5.4. Let (j) G tt" (x) and if) € T^^.i^) classes of a and (3 boundary 

degenerations respectively. Furthermore, assume that /«(</>) = = 2, and that 

and are smooth manifolds. Then the orientation induced on 

agrees with the boundary orientation induced from, A4.((p), while the orientation 
induced onf\f{ip) is the opposite of the boundary orientation induced from, A4{ip). 

5.2. Energy bounds and relative gradings. Recall that for a Riemannian man- 
ifold (M, g) and a domain f2 C C the energy of a smooth map u : fl ^ X is defined 

by 

E{u) = l JjduWl. 

Suppose that (E,a,/3, z) is a Heegaard diagram for a balanced sutured manifold 
(X,t). Let 

i=l 

be the connected components in the complement of the curves, and rj denotes a 
Kahler form on S. We denote the area of Di with respect to rj by Area^(£>j), and 
for a domain V = (^-i^i we define 



Area^(X') = ^^OjArea^ (£>,). 
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The following lemma is basically lemma 3.5 from |0S5| and theorem 6.3 from [Julj . 

Lemma 5.5. There is a constant C which depends only on the Heegaard diagram 
(S,q:,/3,z) and the Kdhler form rj such that for any pseudo-holomorphic Whitney 
disk 

u : (D, dB) — > (Sym^(I]), U T^) 

we have 

E{u) < C.Area,, {V{u)) . 
The existence of energy bounds is needed in Gromov compactness arguments. 

Finally, note that 

TTi (Sym^(S])) =Hi (Sym^(E);Z) 

provided that £ > 1. Throughout the construction, we will assume that the require- 
ment ^ > 1 is satisfied, by stabilizing Heegaard diagrams if necessary. 

Definition 5.6. For s G Spin'=(X) let 

= gcd^eH.(x,z)(ci(s),/^)- 

If H = (I],q;,^, z) is an s-admissible Heegaard diagram for {X,t) for any x, y G 
Tq, n with s(x),s(y) G s, and for (f> e 7r2(x, y), we define the relative grading of 
X and y by 

gr(x,y) = ^(0) {mod c)(s)) . 

Thus, gr(x,y) e Za(^) = 

The relative grading is independent of the choice of (j). It induces a relative 
grading on the module CF(X, r, s; For this purpose, we should determine the 
grading associated with the generators Ai, € G{A). Each A^ corresponds to 
the class 

[7.] eKer((^x)* : Hi(X; Z) ^ Hi(X; Z)) , 

where ix ■ X ^ X is the inclusion map. It is thus the boundary of an integral 
2-chain Ai = in X, which is well defined up to addition of 2-cycles. The 

evaluation di — ~{ci(s),Ai) is thus well-defined as an element of g^fp. We may 
then define the grading on G{A) by setting 

(IIk) ■■-jld.n. e V nA- e G(A). 

If G 7r2(x,x) is a positive disk, it determines a periodic domain, and 

liicj)) = (ci(s), = gr (A,(0)) (mod c)(s)) . 

The A-module CF(X, r, s; H) is thus equipped with a relative homological grad- 
ing by the elements in ^^yg- The differential of the corresponding Ozsvath-Szabo 
complex CF(X, r, s; H) which will be defined in the following subsection lowers this 
relative grading by one. In particular, a relative grading is induced on the homology 
groups corresponding to any test ring B for . 
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5.3. The construction of the chain complex. Let {X, r) be a balanced sutured 
manifold. As discussed in section [3] we associate a coefficient ring A — with t, 
which is a Z-algebra. Let us denote by X the three-manifold (with positive and 
negative boundary components) obtained from X by filling out the sutures in r. 
Let s £ Spin^(X) be a Spin'^ structure on X. Consider an s-admissible Heegaard 
diagram (E,q:,/3,z) for {X,t). Associated with this Heegaard diagram, let 

CF(I], a, 13, z; s) = (x e CiT fs \ s Jx) e s^^ 

be a free A-module generated by the intersection points in Ta H which represent 
the Spin'^ class s. Note that the "exact sequence" 

► (PD[7.])ti ^ Spin^(X,r) " ^ '^'-''l Spin^(Z) ► 

implies that the assignment of relative Spin'^ structures gives a filtration on the 
A-module CF(S, a, ^, z; s), which is compatible with the filtration x ■ G{A) — >■ H. 
This module may be decomposed using the filtration by relative Spin'^ structures: 

CF(S],a,/3,z;s) = CF(E, a, /3, z; s) 

j-g-j sesCSpin'=(Jf,T) 

CF(E,a,/3,z;s) = {|Ax | x e T„ n T^, A e G'(A), & s^(x) +x(A) = s)^- 

Here G{A) denotes the set of generator of the form A — 0^=1 ^^^^^ ^ ^ module 
over Z. 

Furthermore, fix a coherent system o of orientations on the determinant line bun- 
dles of the linearization of Cauchy-Riemann operators associated with the classes 
of the Whitney disks (corresponding to s). We will drop o from the notation, unless 
an issue related to the orientation should be discussed. 

Define an A-module homomorphism by the following equation 
d : CF(E,q:,/3,z;s) — > CF(S, a, /3, z; s) 

9i^y-= E E (m(</))A(0)).y. 

Here m(0) — ^A4{4>) is the algebraic count (i.e. with the signs determined by the 
orientation) of the points in A^((/)) for any positive Whitney disk class cj) G 7r2(x, y) 
such that X{(f)) ^ 0. For other disk classes, the contribution m(0)A((/>) is trivial by 
definition. 

It is important to note that for any <E 7r^(x,y) with /j.(0) = I and A((/)) ^ 
0, the moduli space A^(</i) is smooth, zero dimensional, oriented, and compact. 
Smoothness and zero dimensionality of the moduli space follows from the generic 
choice of the path of complex structures on Sym^(S) (see the general discussion of 
jOS5| . section 3). The compactness is however more critical. If Ui is a sequence 
of pseudo-holomorphic representatives of the amount of energy E{ui) remains 
bounded by lemma |5.5[ We may thus use the Gromov compactness theorem to 
describe the possible limits of this sequence. In fact, any possible Gromov limit 
of the sequence is the juxtaposition of some pseudo-holomorphic representative u 
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of a class 0' G 7r^(x,y) with boundary degenerations and sphere bubbhngs. Let 
us assume that vi,...,Vp are the classes of degenerations and bubbles. Then the 
domains of u and Vi, i = 1, ...,p are positive and 

A(0) = A(w)AK)...A(«p) 7^0. 

This implies that the domain of each Vi is a linear combination of the domains 
Ai,...,Ako or Bi,...,Big (with non- negative coefficients). Here Ai,...,Akg are the 
zero genus components in S — a and -B/„ are the zero genus components in 

S — /3. The Maslov index of each Vi is thus a positive even number. Since the 
0, n{4>') is non-negative and p is thus forced to be 0. However, this means 
that the Gromov limit of Ui is in A4{(j)), i.e. M{4>) is compact, and thus finite. In 
other words, for any class (f) G 7r^(x,y) with = 1, either does not contribute 
to the coefficient of y in 9(x) (e.g. X{<j>) — 0), or m(0) is finite. 



The Heegaard diagram (S, a, /3, z;s) is s-admissible, so by lemma 4.5 for any 
intersection point y G H there are only finitely many (p G 7r2(x, y) such that 
/i((/>) — 1, 2?((/)) > 0, and X{(j>) ^ 0. Thus there are only finitely many classes 
G 7r^(x,y) with /^((^) = 1 and A((/)) 7^ which admit holomorphic representative. 
This shows that the terms which contribute to the coefficient of y in i9(x) are finite, 
and that the map d is thus well-defined. 

The map d is, by definition, a homomorphism of A-modules. It is obvious from 
the definition and the discussion of subsection |3.4| that d preserves the decomposi- 
tion of equation [Sj and we thus obtain a set of Z- module homomorphisms 

d : CF(I],a,/3,z;s) — > CF(S, a, /3, z; s), 

for any relative Spin'' class s G Spin'^(X, r). 

Theorem 5.7. The filtered A-module CF(I], a, /3, z; s) is a filtered (A,IHI) chain 
complex, where A = A^ is the coefficient ring associated with t and the filtration by 
the elements of the Z-module M = iP(X,dX;1i) is given by the assignment of the 
relative Spin'^ classes in Spin''(X, r) to the generators in H using the map 5^. 



Before we start proving the above theorem we re-phrase lemma |5.2| in the pres- 
ence of a coherent system of orientation. 



Lemma 5.8. With the notation of lemma \5.^ fixed, let be a coherent system of 
orientations associated with the Heegaard diagram. Let ip be the class of a boundary 
degeneration. IfV{ip) > 0, X{^p) ^ 0, and fj.{tp) < 2 then V{ip) = A, or T>{i})) = Bj 
for some 1 < i < ko or I < j < Iq (or ip is the class of the constant map). In the 
first case (i.e. "D^ip) = A^) we have 



n(V) 



if k^l 

1 if k>l. 

Similarly, for I?('0) = Bj we have tt('(/') =0 if I — I and n(V') = 1 if I > 1. 



Now we can prove theorem |5.7| using the above lemma. The proof is similar to 
the proof of lemma 4.3 in |0S8j . 



Proof, (of Theorem 5.7 ) Clearly, for any Whitney disk (p G 7i'2(x,y), which has 



a holomorphic representative, we have V^cp) > and X{(f>) is thus a well-defined 
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element of A. Thus we only need to prove do d = Q. 

Let X and y be two intersection points in Tq, n T^. Fix a class (j) G '''■2(x, y) 
such that fj.(4>) = 2. Consider the ends of the moduli space This space 

has three types of ends, which are in correspondence with the broken flow-lines. 
More precisely, these are (respectively) the ends corresponding to a holomorphic 
Whitney disk 0i connecting x to an intersection point w juxtaposed with a holo- 
morphic Whitney disk (j)2 connecting w to y such that /i('/>i) = l^{4'2) = 1, the 
ends corresponding to a sphere bubbling off i.e. a holomorphic Whitney disk 
connecting x to y juxtaposed with a holomorphic sphere S in Sym^(I]), and the 
ends corresponding to a boundary bubbling i.e. a holomorphic Whitney disk (/>' 
connecting x to y juxtaposed with a holomorphic boundary degeneration. 

If X 7^ y the space M.{(j)) does not have any boundary of the second and the 
third types, since any holomorphic boundary degeneration or holomorphic sphere 
with the property that its associated monomial in A is non-trivial will have Maslov 
index at least 2. Thus the remaining Whitney disk should have Maslov index less 
than or equal to zero. This implies that the moduli space associated with the 
Whitney disk is empty, or consists of a constant function (which can not happen 
by the assumption x 7^ y). When x 7^ y the Gromov ends of this moduli space 
thus consist of 

weToHT^ 0ig7r2(x,w) 
02e7r2(w,y) 

For any fixed A S G(A) the coefficient of Ay in d^x (assuming x 7^ y) is equal to 
E E E (m(0i).m(02)). 

i;iG7r2(x,y) weT„nT^ 0iG7r2(x,w) 
IJ,(<I>)=2 <^2eT2(w,y) 
A(0)=A 01*02=0 

For each <j) G 7r2(x,y) the amount of the two interior sums in the above formula is 
the total number, counted with the sign determined by the coherent system of 
orientations, of the ends of the moduli space A^(0), which is zero. Consequently 
the total sum in the above formula is trivial, and the coefficient of Ay in 9(9(x)) 
is thus equal to 0. 

Let us now assume that x = y. Let us denote the class of the generator of 
holomorphic spheres by S. The domain I?(S') associated with S is the surface S: 

V{S) - Ai + ... + Ak = Bi + ... + Bi, ^ A(5) = X{Ai)...X{Ak) = X{Bi)...X{Bi). 

Thus X{S) = unless k = ko = Iq = I. In this later case, the Maslov index of S 
is 2k, which is greater than 2 unless fc = 1. Combining with lemma [sTSl we may 
thus conclude that in all possible cases, the total contribution to 9^(x) from sphere 
bubblings is trivial. 

We may thus assume, without loosing on generality, that the ends of the moduli 
space A4{(l)) do not contain any sphere bubblings. If the ends of this moduli space 
contain a boundary disk degeneration, then the degeneration would consist of the 
juxtaposition of a constant function and a holomorphic boundary degeneration with 
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Maslov index 2. If wc denote the boundary degeneration by tp, lemma [STS] implies 
that V{tI>) = or Viip) = Bj. 

In the above situation, if = — Ai or Bj, the boundary disk degen- 



eration among the ends of A4{ip) are described by lemma 5.8 Suppose first that 
k,l > 1. Let !?((/)) = Bj, and let ip be the corresponding boundary disk degeneration 
with the same domain. Then the ends of A4{(f>) consist of 

U ( II II (■^('^i) ■^('^2)) 

02G7r2(w,x) 



According to lemma 5.4 the orientation of M{ip) agrees with the orientation induced 



from Ai{ip). Thus the total number of the ends for this moduli space is equal to 

0267r2(w,x) 

<Pl*4>2=<t> 



By lemma 5.8 we have n{ip) = 1, thus the total value of the second sum is equal 
to -1. 

Note that X{ip) = = A^, since the domain associated with ip is Bj. Thus, 

such degenerations contribute to the coefficient of X{Bj)K, i.e. the contribution of 
to ^^(x) is — A^.x. Similarly, for a a boundary degeneration 'ip with T>{tp) = Ai, 



3 

we obtain the equality 



J2 E (m(0i).m(02)) = 1. 



vj^TaHTj^ 0itE7r2(x,w) 
02£Tr2(w,x) 

Thus the contribution of tp to ^^(x) is A~.x. 
The coefficient of x in 9(9(x)) is equal to 

E ^(^»)( E E (m(0i).m(02))) + 

0g7r2(x,x) weT^nT^ 0iG7r2(x,w) 

■D{<p)=Ai,l<i<k <i'26'r2(w,y) 

01*02=0 

E ^(^^X E E (m(0i).m(<^2))) + 



0S7r2(x.x) wSTonT^ 0ig7r2(x,w) 

V(<f,) = Bj,l<j<l 02e7r2(w,y) 

01*02 = 



E ^('^)( E E M^/'O.mc^/.^)) 



0e7r2(x,x) weToHT^ 0i£7r2(x,w) 

V(<p)^Ai or Sj 02e7r2(w,y) 

01*02 = 



Our argument shows that in the above the sum, the sums in the first and the second 
line combine to give the following expression; 

^ A(^,)- E E w) = o. 

l<i<k l<i<l l<i<k l<i<l 



A REFINEMENT OF SUTURED FLOER HOMOLOGY 



43 



Thus the sum of the contributions from the first two lines in the above expression 
is zero. The last line is a sum of zero terms, by an argument similar to the case 
X 7^ y, so it is trivial. Consequently, the coefficient of x in 9(9(x)) is zero. 

When A: = f or / = f one should be cautious. If k = I = 1, the contributions 
from both a and /? boundary degenerations is zero by lemma [5^ However, ii k = 1 
and I > 1, since the Heegaard diagram is balanced, we may conclude that I > Iq. 
However, 

; I 

i=l i=\ 

The rest of the argument in this case if completely identical with the case fc, Z > 1. 
This completes the proof of the theorem. □ 

In the following section we will prove the following theorem. 

Theorem 5.9. The filtered (A,E1I) chain homotopy type of the filtered (A,EII) chain 
complex CF(I], a, /3, z; s) is an invariant of the balanced sutured manifold and the 
Spin'^ class s € Spin'^(X). In particular, for any filtered test ring B for (A,H) and 
for any S € Spin'^(X, r), the chain homotopy type of 

CF(S, a, j3, z; s; B) C CF(S, a, /3, z; s) 0a B 

is also an invariant o/(X, t, s). 

Definition 5.10. We may thus denote the filtered (A,H) chain homotopy type of 
the filtered (A,EII) chain complex CF(S, a, /3, z; s) and its invariant decomposition 
into chain complexes CF(I], a, /3, z;s) by 

CF{X, t;s)= CF(X,r;s). 

5e5CSpin'=(Jf,T) 

5.4. Additional algebraic structure. From the definitions, it is clear that the 
multiplication by a generator A G G{A) gives a map 

mx : CF(X, t;s) ^ CF(X, r; s + x(A)). 

This map shifts the homological grading by gr(A), and generalizes the i7-action in 
the original construction of Ozsvath and Szabo. 

Let us assume, once again, that (S, a, f3, z) is an s-admissible Heegaard diagram 
for the sutured manifold {X,t), where s G Spin'^(X) is a fixed Spin"^ structure. 
Let fl(Ta,Tp) denote the space of paths connecting Tq, to in Sym^(E). Any 
intersection point x S Tq, HT^, viewed as a constant path, is a point in Q{Ta,Tp), 
and for any x, y G T^nT^ and any Whitney disk u representing a class (j) G 7r2(x, y), 
u may be viewed as a path connecting x to y in Q{Ta,Tp). The homotopy class of 
this path depends only on </>. As in section 4 of 0S5| for any one-cocycle 

the evaluation is well-defined. Correspondingly, we may define the map 
A( : CF(A, t;s) — > CF(A,t;s) 

A^(x):= J2 J2 (C(0).A,(0).m((/.)).y, VxgT^HT^, s.t. s(x) G s. 
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The map is then extended as a homomorphism of A-modulcs to CF{X, t;s). It 
respects the decomposition according to relative Spin*^ structures in s C Spin'^(X, r). 
As in lemmas 4.18 and 4.19 from |0S5| one may prove that the map satisfies 

(i) doAc+Acod = 0, & 

(9) 

(ii) A^ = d o iJ^ — o d, if C is a coboundary, 

for some A-module homomorphism H,^ which respects the filtration in H. As a 
result, the following proposition may be proved in this generalized setup. 

Proposition 5.11. There is a natural action o/H-'^(f2-'^(TQ,T^);Z) on CF(Ar,r;s) 
lowering degree by one, which is well-defined up to filtered chain homotopy equiva- 
lence. Furthermore, this induces an action of the exterior algebra 

A* (Hi(Z;Z)/Tors) C A* (H^ {n{Ta,T p),Z)) 

on the module CF{X,t;s), which is well-defined up to chain homotopy equivalence. 

Proof. One should simply repeat the proof of proposition 4.17 from |0S5| . From 
the properties stated in equation [9] and the isomorphisms 

(f7(T«,T^);Z) = Horn (tti (17(T„, T/j)) , Z) ^ tt2 (Sym'^(S)) ®Hom {ll\X,Z),Z) , 

the proof of the above proposition is reduced to showing A(; o A(^ — 0. For this 
purpose, let / : il{Ta,Tp) -> denote a representative of (. For a generic point 
p G we set Vp — f^^{p) and observe that for any generator x G Tq, n 
representing the Spin'^ class s 

^c(x)= E E («(C».Az(0)).y, 

yeT„nT^ 0G7r+(x,y) 

where a(C, = #{m G Al(<?!)) | u([0,l] x {0}) G Fp}. 

Let us now consider a positive homotopy class (f> G 7r^(x,y) with = 2. As- 
sociated with (f), and for generic points p,q £ , we consider the one-dimensional 
moduli space 

This one-manifold does not have any boundary at s = 0. Furthermore, if we set 
/q = [0, 1] X {0}, the boundary at infinity (i.e. the structure of the moduli space as 
s oo) is modeled on 

W ({ui G M{4>i) I Ui{h) C Vp} X {?/2 € Mi(b2) I M2(/o) C F,}) . 

4>i*4'2=4> 

M(0i) = M(</'2) = 1 

Other possible boundary points correspond to boundary disk degenerations and 
sphere bubblings. If we furthermore assume that Az((/)) ^ 0, any boundary disk 
degeneration or sphere bubbling will reduce the Maslov index at least by 2. Thus 
the moduli space corresponding to such degenerations would be empty, if we choose 
a generic path of almost complex structures. 
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The number of points in the boundary of 'Ep^q{(j)), counted with sign, would 
vanish. On tlie other hand, this total count corresponds to the contribution of the 
pairs (j)2) with cf) = (j)^ -k (j)2 and ii{4'i) = ^(02) 1 to the coefficient of Az((/)).y 
in A2(x). Thus = Q for all C e (Sl{Ta,T p),!.). Thus the action descends to 
an action of the exterior algebra 

A* (Ri (0(T„,T^),Z)). 

This completes the proof of the proposition. □ 
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6. Invariance of the filtered chain homotopy type 

6.1. Pseudo-holomorphic m-gons. Let us assume that the Heegaard diagram 
H = (S, a-^, a^, a™, z) is given, so that S is a closed Riemann surface of genus 
g, each a* is a set of (. disjoint simple closed curves on E, and z = {z\,..., 2:^} is a 
set of marked points in 

S-a^-a^-... -a". 

Wc assume that for alH = 1, ... m, every connected component in E — ct* contains at 
least one element of z. The Heegaard diagram (E, a*, a-', z) determines a balanced 
sutured manifold {Xij,Tij). Let Xij denote the three- manifold obtained from Xij by 
filling out the sutures in , and fix the Spin^ classes Sij € Spin'^(Xij). Assume that 
for any pair of indices i < j, {T,,cx^,a^ ,z) is an Sjj-admissible Heegaard diagram 
for the balanced sutured manifold {Xij,Tij). Furthermore, let o^- be a coherent 
system of orientations on (E,a%a-', z) associated with Sij. Finally, suppose that 

CF(E,a^a^z;sy)= CF(E, a', a^z;s. •) 

is the corresponding chain complex, and its decomposition into relative Spin*^ 
classes. Let us assume that 

ki 

T,-a' = ]JA], i=l,2,...,m, 

are the connected components in the complements of the curves in a'. We will 
denote the genus of Aj by gj e Z-°. We will also denote 

ki 

p=l 

by A(a'). For any subset / of the set of indices {1, m} introduce the Z-algebra 

^^ = 7 , — ^ — \ r - I — v- 

(A(a*) = A(aJ) | V i, j e /) © (A(A}) | i e /, > o) 

If for two subsets /, J C {1, m} we have I C J, then Aj would be a quotient of 
A/, and we have a natural homomorphism 

pij : A/ — > Aj. 

This homomorphism may be used to give Aj the structure of an A/-module. As a 
result, from any A/ chain complex {C,d), we obtain a natural Aj chain complex 
C A J. In particular, for any index set / which contains i,j, we may consider 
the A/ chain complex 

C,,(/) = CF(E, a\ a-'', z;s„-) ®a.. A/. 
We will denote Cjj({l, ...,m}) by Cjj for simplicity. 

Associated with each set of curves a* is a torus T^,. C Sym^(E). A Whitney 
m-gon is a continuous map u from the standard m-gon into Sym^(E) which 
maps the i-th edge of the m-gon to T^* . If we fix 

Xj e T„i n T„i+i, i = l,...,m— 1, & x^eTamnTfji, 
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we may let 7r2(xi, ...,Xm) denote the set of Whitney m-gons which map the vertex 
Vi between the i-th edge and the {i + l)-th edge to x^ (for i = l,...,m— 1), and the 
vertex Vm between the m-th edge and the first edge to x^. 

Let us fix a generic continuous family { Jp}peD„ of almost complex structures on 
Sym^(E) determined by a family {jp}peD™ of complex structures on E. Further- 
more, we will assume that under a fixed identification of a neighborhood of the i-th 
vertex Vi of with [0, 1] x (0, oo) the family is translation invariant, i.e. 

j(s,t) = j{s,t+R), V {s,t) e [0, 1] X (0,oo), RGR+. 

We will drop this generic family { Jp}peD„ from our notation. For (f) G 7r2(xi, x^) 
we let A4{(j)) denote the set of pseudo-holomorphic representatives of (p. 

Fix a subset I = {ii < 12 < ■■■ < ip} C {l,...,m}. This subset determines a 
sub-diagram 

i^/ = (S,a'^...,a*^z) 

of H. Correspondingly, we may consider the p-gons associated with Hj. We will 
say that two p-gons <p G 7r2(xjj, ...,Xjp) and (j)' € TT2{yii, ■■■,yij,) are equivalent 
if and only if there exists Whitney disk classes ipi^ £ 7r2(xi^,yi^) for j = 1, 
such that (f) is obtained from (j)' by juxtaposition of the disk xjji. at the vertices ji. 
for j = The set of equivalence classes of such p-gons will be denoted by 

Spin'^(-ff, /). It is important to note that Spin'^(-ff, {i, j}) determines a subset of 
the set of Spin'^ structures on the three-manifold Xij, which are realized by the 
Heegaard diagram. 

Definition 6.1. Suppose that we have a pair of index sets /, J c {1, ...,m} such 
that I = {ii < 12 < ■■■ < ip} and J = {ir = ji < j2 < ■■■ < jq — ir+i}- We will call 
the pair I, J attachable, and define 

/★ J := |il < ... < ir =jl < 32 < ••• < jq = ir+l < ir+2 < - < ipj- 

We will denote r by r{I, J) for future reference. Suppose that I and J are attachable 
index sets as above, and that we are given a p-gon (j) and a q-gon ^' 

e 7r2(xi,,...,Xi^), & e 7r2(yji,...,yjp), 

where Xj^ G T^is H and y^^ G T^is n Tr^j,,+i . Furthermore, assume that 

Xj^ = Yj^. Then we may juxtapose (j) and ip to obtain the class of some {p + q — 2)- 
gon, which will be denoted by (fi-kij). 

Let us now restrict ourselves to the polygons whose vertices correspond to the 

fixed set & = of Spin'^ structures. Let us denote the subset of Spin'^(iJ, I) 

which consists of polygons such that the Spin'^ structures associated with the ver- 
tices are in 6 by Spin'^(i?, 7; &). Then, the above construction gives a well-defined 
operation between the equivalence classes of polygons in Spin'^(i/, /; 6). More pre- 
cisely, if / and J are a pair of attachable index sets, we will have a map 

(.*.): Spin^(i7,/;6) x Spin=(i?, J; 6) — > Spin'=(i?, / * J; 6), 

defined by the above juxtaposition process. 
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Definition 6.2. With the above notation fixed, a coherent system of Spin*^ struc- 
tures on polygons for the Heegaard diagram H = (S, cc^, a™, z), and compatible 
with 6 is a choice of classes 

T ={<?!>/ e Spin'=(H, /; 6) | / C {1, m}, |/| > s} 

such that the following is satisfied. If I and J are attachable index sets, then we 
have 

= 4'i*4>j- 

Lemma 6.3. Let us assume that a coherent system {4>i}i of Spin'^ structures is 
fixed for the Heegaard diagram H . If K = I-k J and a polygon ipx in the same class 
as 

is decomposed as ipK = V'/^V'J; then the the class of ipj in Spin'^(_ff, /; 6) is equal 
to the class of (f>i and the class ofijjj in Spin'^(iJ, J; ©) is equal to the class of (pj. 

Proof. Fix the above notation and let i^T = / * J. After addition of disk classes 
we may assume that the corners of if^x are the same as the corners of (j)K (i-e. both 
are chosen from {xij^i^j). This means that 



(pi G 7r2 , ... , Xip_ , 

and we have 0/ * = ipi -k ipj. We thus have the following relation among the 
associated domains: 

The coefficients of the domains in the expression appearing on the left hand side of 
the above equality on both sides of any curve in a*, with i ^ /, are equal. Similarly, 
the coefficients of the domains in the expression appearing as the middle term in 
the above equality on the two sides of any curve in , with j ^ J, are equal. This 
implies that d{T>) is included in 

]J a' = + 1. 

ieinJ 

Thus, T> is the domain associated with a disk in 7r2(xi^i^^j , y), and the Spin'^ class 
of ■(/'/ is the same as that of </>/. Similarly, the Spin'^ class of tpj is the same as that 
of 4>j. This completes the proof of the lemma. □ 

The above lemma implies that a coherent system of Spin*^ structures on polygons 
for H is completely determined by the choice of triangle classes 

^(jjrjk e Spin'=(iJ, {i,j, fc}; 6) | I < i < j < k < rnj, 

which satisfy the following compatibility relation 

(10) cj)iki * 4>ijk = 4>iji * 4>jki yi<i<i<k<l<'m. 

Furthermore, the above lemma implies that for 4'ijk,4'iki and (piji as above, there 
exists at most one class such that equation 10 is satisfied. This observation 



A REFINEMENT OF SUTURED FLOER HOMOLOGY 



49 



implies that a coherent system of Spin'^ classes of polygons for the Heegaard diagram 
H is determined by the family of triangle classes 

|(/)Hj I 1 < i < j < m|. 

However, this family should have the property that for any triple l<i<j<k<m 
of indices, there is a triangle class ip such that 

(11) 4>ljk* (t)Uj = 4>Uk*4'- 

If this is the case, we will write 

T = {</>/}/ = (^ly \ 1 <i < j 

Let us fix a system 1 of compatible Spin^ structures for the Heegaard diagram 
H as above, which is generated by the triangle classes 4>iij. The set of periodic 
domains for polygons in T is generated by periodic domains for each pair (ct*, a^). 
To be more precise, let us denote by the set of periodic domains for the Heegaard 
diagram (E, ,a^). Then any periodic domain which appears as the difference of 
two g-gons with the same set of vertices 

Yj e T^i, n T^i,+i , j = 1, q, iq+i := ii, k h < 12 < ■■■ < iq, 

and representing the same Spin'^ class may be written as a sum of periodic domains 
in *Piii2 1 ^1213 J •••J *Pi<,-iig I and ^i^i^ ■ 

Definition 6.4. Let the Heegaard diagram H = (S, a^, a^, a™, z) and &, 1, 
and be as above. The Heegaard diagram H is called ©-admissible if for any 
index set I = {ii < ... < iq}, and any periodic domain 

with Vij G the following is true. If 

q 

i=i 

then either the coefficients of the domain V at some point w is negative, or X{V) = 
in A/. 

The existence of 6-admissible Heegaard diagrams, and the possibility of mod- 
ifying H to an admissible Heegaard diagram using finger moves, follows with an 
argument completely similar to the arguments of section [4j Furthermore, the ©- 
admissibility of the Heegaard diagram H implies that for any index set 

/ = {ii < ... < iq} C {1, m}, 

any integer N, and any set of corners 

Yj e T^i, n T^i,+i , j = 1, q, iq+i := ii, k ii < i2 < ... < iq, 

such that s^iyj) G 5^^.^^.^^, there are at most finitely many classes (j) G 7^2(^/1, ■■■lYq) 
satisfying the following three conditions. 

• (j) = (l)i e Spin'=(i7,/;6). 

• m(0) = N. 
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• 2^(</') > and Az(0; /) ^ 0, where Az((/); /) is defined by 

1=1 

The construction of Ozsvath and Szabo in subsection 8.2 from |0S5) may be 
extended to this more general context without any major modification. Namely, 
for any index set J C {1, m}, and any polygon class (j) € (f)i, the determinant line 
bundle of the Cauchy-Riemann operator over A4{(t>) is trivial, and one may thus 
choose an orientation, i.e. one of the two classes of nowhere vanishing sections of 
this determinant line bundle, associated with (j). 

Definition 6.5. A coherent system of orientations associated with the Heegaard 
diagram H and the coherent system T of Spin'^ classes of polygons of H is a choice 
of orientation 0/(0) for any polygon class (f) with (/) = 0/ G Spin'^(i?, /; 6), such 
that the following are satisfied. 

• For any 1 < i < j < m, Oij is a coherent system of orientations associated 
with the Spin'^ class Sij for the Heegaard diagram (E, a', a-', z). 

• For any pair /, J of attachable index sets and any attachable polygon classes (f) 
and tp, with 

= 0/ e Spin'=(i?,/;6), & e Spin" (H , J ; &) , 

we have 

Lemma [6.3| implies that in order for us to obtain a coherent system of orientations 
associated with the Heegaard diagram H and the coherent system of Spin'^ classes of 
polygons T, it suffices to determine Oij and Ouj for any pair of indices 1 < i < j < m. 
This observation implies that the following lemma, which was proved in |0S5j as 
lemma 8.7, is valid in our setup. Although the Heegaard diagrams are more general, 
the proof carries over without any major modification. 

Lemma 6.6. Suppose that the Heegaard diagram H , and the coherent system of 
Spin'^ classes of polygons T are as above. Then for any choice of coherent systems 
of orientations Ou corresponding to the Spin'^ classes Su (with 1 < i < m), and 
any choice of Oiij{(j)iij) for \ < i < j < m, there always exists a coherent system 
of orientations = {o/}/ such that On is the initial choice of the coherent system 
of orientations corresponding to Su and Oiij{(t>iij) is the prescribed orientation. 

Proof. For an index set I = {ii < ... < iq} let i{I) — ii and — iq denote 
the smallest and largest element of / respectively. Let us assume that ^ is a q-gon 
class in the same Spin^ class as </>/. 

If 1 G /, then we may assume |/| > 3, since otherwise, we already have a choice 
of orientation. In this case, we may write, in a unique way, 

Thus 0/(0) is determined if we determine all the maps o.^- for l<i<j<mina 
compatible way. Note that Oiij{(j)iij) is already defined. If otherwise 1 ^ /, we may 
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write, again in a unique way 

(j> ^ (j>j ^ (fij^-k ...★(/),, e 7r2(yj,Xi^.ij^J 

4'li(I)j(I) *(t>I ^ '/'liiia *4'li2i3 * 

Thus, in order to determine the orientation 0/(0), it suffices to determine aU maps 
Oij for 1 < i < j < m. In order to determine the Oij from Oii, Oij and Oiy (0iij), 
one may then use the argument of lemma 8.7 from |0S5j . □ 

Remark 6.7. Note that the choice of Ou for 1 < i < m determines the orientation 
for all boundary degenerations in a unique way. In fact, suppose that ip is the class 
of some boundary degeneration corresponding to the corner y G T^i n T^j , say 
for some j > i, and that (j) is a Whitney disk in 7r2(xjj,y). Furthermore, let ip' 
denote the class in i^u) which has the same domain as ip. We may then write 

4>lij -k(l)-k1p = (piij ★ lj/ ★ 0, 

implying that Oij{ip) is uniquely determined by Oii{il!'), and is equal to it as the class 
of an a' boundary degeneration. 

Let H be an ©-admissible Heegaard diagram, and T be a system of compatible 
Spin'^ structures as before. Correspondingly, assume that 

o = {o/ I /C {!,..., m}, |/|>2} 

is a coherent system of orientations associated with T. Associated with any subset 
J = {ii, iq] C {1, m} of indices, we may define a holomorphic polygon map 

q-l 

— > CF(E,a'i,a'',z;s,,,J <^A{.^..,} A/. 

In other words, if {i < j} <i I denotes that i and j are consecutive elements in /, 
and i{I),j{I) denote the smallest and largest elements of / respectively, we will 
have a map 

q-l 

{i<j}<I i=i 

//(yi «)y2 yg_i) H (m(0)A^(0;/)).y,, 

y<,eT^inT^<j 0e7r2(yi,y2,---,y,) 
fe(y,)]=ti<, m(0)=3-</ 

where f3-' = a*^ and tig — Si-^i^. 

Since H is admissible, it follows that only finitely many terms would contribute 
to the above sum, and // is thus well-defined. 

These maps satisfy a generalized associativity property, which may be stated in 
our setup as follows (we will only state the associativity corresponding to the full 
index set {l,...,m}). 
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Theorem 6.8. With the above notation fixed, if we set [m] = {1, m} as the full 
index set, the map 

: Ci2([m]) (g) C23([m]) O ... C„-i,™([m]) Cim([m]), 

^^^^ F[m]~ X] /{1,2,.. ., ., m} o/{i,i+l,...,j} 

l<z<j<m 

is trivial. 



Proof. Let us denote the set {1,2, + 1, ...,m} of indices by and 

{i,i + l, by J{i,j). We have to show that for any set yi, ...,ym of intersection 
points with y^ € T^i nT^i+i, and such that s(yi) G Si,(i+i), the coefficient of y^ in 

X] {-^y^ fi{i,j){yi ® ... ® Yi-i ® fj{i,j){yi ® ... Oyj-i) ® y^ O ... Oym-i) 

l<i<j<m 

is zero. Let us consider a Whitney polygon class if) G 7r2(yi, y™) with Maslov 
index 4 — TO and in the same class as ^J[ni]- and consider the ends of M{iJj). The 
ends of this moduli space do not contain any boundary disk degenerations or sphere 
bubblings. The reason is that the Maslov index of the holomorphic boundary disk 
degenerations and holomorphic spheres are greater than or equal to 2 if the corre- 
sponding element of the coefficient ring is non-trivial. This would imply that the 
remaining component should have Maslov index at most 2 — to. As a result, the 
moduli space associated with the remaining part would be empty. 
Thus all degenerations of this moduli space (for dimensional reasons) are degen- 
erations along an arc which connects two different edges of the TO-gon. The ends 
corresponding to a degeneration along an arc connecting the i-th edge to the j-th 
edge, with i < j correspond to a degeneration of tp into the juxtaposition of a holo- 
morphic Whitney {j — i + l)-gon connecting yj,...,yj_i to an intersection point 
X € Tq,; n T„j with Maslov index 2— j + i, with a holomorphic {m — j + i + l)-gon 
connecting yi, yj_i, x, y^, ...y^-i to y^ with Maslov index 2 — m + j — i. Thus, 
the ends of A4{ip) will have the following form. 

l<i<]<m 0„e7r?-^'+*(yi,...,y,-_i,x) 

" iiij^-^Q. (yiv>yi-i,x,yj,.-->ym) 

■>l>ij*<t'ij=il' 

In the above decomposition, we are dropping the condition that the polygons rep- 
resent the Spin^ class determined by T. The sign difference between the orientation 
we assign to the component ^{ipij) x Jv[[(j3^j), and its orientation as a boundary 
component of dA4{tjj) is computed as 

Note that the total number of points in the moduli space on the right hand side 
of the above equation, when counted with the above induced signs, will be zero. 
We should of course mod out by possible automorphisms of the domain, when 
necessary. Fix a generator A G G{A[^]). The coefficient of A.y^ in 

(-^y^ (yi ® - ® y^-i ® fjihj) (yi ® - ® yj-O ® ® - ® ^"^-1) 

l<z<j<m 
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is equal to 



E E (-l)^^(m(^.,)m(0.,) 



) 





A(V)=A 

The above computation thus completes the proof of the theorem. 



□ 



Remark 6.9. The maps 



fi: (g) C.,(/)^C,(,),(,)(/) 



{i<j}<i 



will sometimes refine to the maps respecting the relative Spin*^ structures. We will 
face this situation in the upcoming sections several times. Each time we will give 
a separate argument for such an splitting, to avoid the complexity of a general 
treatment. 

In order to prove the above associativity, we do not need to use the full system 
^ of compatible Spin'^ structures. In fact, a subsystem containing the classes of 
polygons associated with the index sets I{i,j) and J{i,j) suffices for this purpose. 
In other words, we only make use of the Spin'^ classes in the subset 



of polygon classes is called a system of first degenerations for e Spin^(_ff, [m]; 6) 



Thus, instead of T, we may fix a system of first degenerations for a class 
(j)[m] € Spin'^(77, [m]; 6), together with a compatible system of coherent orienta- 
tions associated with them. Then theorem 16.81 would still remain true. 

6.2. Special Heegaard diagrams corresponding to handle slides. Let us 

assume that (I],q;,^, z) is a Heegaard diagram, which corresponds to a balanced 
sutured manifold {X,t). Let us assume that 



and that /S^ is the image of under a small Hamiltonian isotopy for i = 2, ...,£ so 
that Pi is disjoint from aj for j ^ l,i and cuts in a pair of canceling intersection 




Ti = e Spin^(i7,/(z,j)) I 1 < i < J < m} 

U {<^J(*J) e Spin^(^f: Jihj)) I 1 < « < J < ™} 



j) * 4>J(i,j) = (t>, \f 1 < i < j < m. 
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points. The area bounded between a, and Pi is thus of the form Vi = Df — , 
such that and are two of connected components in 

S - a - /3, 

and dVi = ai — pi. Furthermore, assume that is obtained from ai by first 
moving it by a small Hamiltonian isotopy, and then doing a handle slide along 012 • 
Thus, the only curve in a U ,9 that intersects /3i is ai, which cuts /3i in a pair of 
intersection points. These two intersection points are connected by a bi-gon, which 
we will denote by . There is a domain with small area which is bounded between 
cei,Pi,a2 and (32 , denoted by , so that Pi = — — is a periodic domain 
satisfying 

dVi = ai + a2 - I3i. 

We will assume that none of the marked points z = {zi,..,Zk,} are in any of 
D^,...,Dj' or , ...,DJ . Let us assume 

I I m 

s-a-/3=(nD-)u(Ui^0u(n^^). 

z=l i=l i=\ 

and that = {zl, Zj,} are the marked points in Ei for i = l,...,m. Thus, 
z = z^ U ... U z™. In the ring A,-, let A(^*) denote the element associated with 
Zj € z. Furthermore, define 

ji 

IJ'i = '[l>^{Zj) e Ar, i = l,...,m. 
j=i 

If E — a = Yli^i ^iid ^ ^ /3 = Bi, wc will have m,a = rrib = m, and 

after renaming the indices if necessary, we may assume 2, C\ Ai = z D Bi, and 
X{Ai) = \{Bi) = jJLi- Let us denote by the sub-ring of generated by /Lii, /im. 

Any pair of curves (aj, /3j) intersect in a pair x^, a;~ of points, so that the bi-gon 
D^' connects x'l to x'^ . Any map e : {1, ...,^} {+, — } thus corresponds to an 
intersection point 

These all correspond to the same Spin"^ class in Spin^(X^), which will be denoted 
by Sq. For e : {1, ...,£} — >■ {+,— } let |e| denote the number of elements in e^^{-|-}. 
We may refine the homological grading of the generators of CF(I],a,/3, z;so) into 
a relative Z-grading by setting 

gr(e, 5) = \e\ -\S\, V e, <5 : {1, £} {+, -}. 

We will show below that this gives a well-defined relative grading in an appropriate 
sense. 

The periodic domains corresponding to the above Heegaard diagram are gen- 
erated, as a free abelian group, by V\, ...,Vt,Ai,...,Am- Note that A('Pj) = 1. 
If 

V = qiVi + ... + qeVi + aiAi + ... + a^Am > 
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Figure 1. The green curves denote the elements of a and the 
dashed red curves denote the elements of (3. The domains are 
shaded red, while the domains D~ are shaded yellow. The domain 
Z?j~ is shaded gray. 

is a positive periodic domain with {ci{s), H{V)) = for some s € Spin'=(X ), we 
will have ai, ...Tam > and 

= ai(2 - 2g{Ai)) + 03(2 - 23(^2)) + ... + a™(2 - 2.g(A„)). 

Here g{Ai) denotes the genus of Ai. The reason is that the evaluation of the Spin*^ 
classes over the above periodic domains is independent of s. If moreover we know 
that X{V) ^ 0, we may conclude that if 7^ then g{Ai) — 0. Let us assume that 
Ai, Ah are the components of genus zero, and the rest of A^ have positive genus. 
This implies that 

ai,...,am>0, = ai + ... + afe, & a/j+i = = 0. 

Thus all Oi are zero, and V — qiVi + ... + qeVi- Since V2, Ve are disjoint, and all 
Pi have both positive and negative coefficients, one can easily conclude that V has 
both positive and negative coefficients. Thus the constructed Heegaard diagram is 
admissible for all Spin^ classes. 

One may choose an orientation for this Heegaard diagram. For any choice of 
orientation, one may observe that Df and D~ are both domains of Whitney disks, 
for i = 2, and the number of points in 

MiD+)\jMiD-) 

is zero (in fact, the orientation of the two moduli spaces are the opposite of one 
another, in some sense). Thus there is a filtered chain complex CF(E, a, /3, z;So) 
associated with the above Heegaard diagram, which is freely generated by the set 
{x*^},:. This set consists of 2^ generators. 
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The complex CF(I], a, f3, z; s) is thus trivial for s ^ Sq and is equal to 

CF(I],q;,/3,w;So) ®a,, 

for 5 = Sq where w — {zl, zf, z™}. For the rest of the computation, we may thus 
assume that w = z, i.e. that there is a single marked point in each connected com- 
ponent of S — a. Each fii (or under the assumption w = z, each Ai) corresponds to 
some component Ai. Thus /i^ = if the genus of Ai is positive. With our previous 
notation, this means that fik+i = ■■■ = fJ'm = 0. We set the degree associated with 
fii, i = 1, ...j/c, equal to —2 = {ci (sq), H{Ai)) . This gives a grading on the complex 
CF(S,a,/3,w;So). 

Let us assume that e,6 : {!,...,£} — >■ {— , +} are a pair of indices. After re-naming 
the elements of {!,...,£} we may assume that 

' e{i) ^ + k S{i) = - iil<i<£i 
e{i) ^ - k S{i) = + if4<i<4 
^e{i)^S{i) ii£2<i<£, 

for some 1 < £i < £2 < £■ Then V = D+ + ... + D+ - D+_^_^ - ... - D+ is the 
domain of a disk connecting to x* . If 7^ is a periodic domain and V + V is the 
domain of a positive disk (j) with A((/)) 7^ 0, the same argument as before implies 
that 

V = aiAi + ... + flfeAfc + qiVi + ... + q(Vi. 

Furthermore, the assumption ^{(f)) > implies that all Ui are non-negative. In 
order to prove that the above grading assignment is well-defined, one only needs to 
check the following easy equality 



(13) /i((/.) = 2 VaJ +2^1-^2. 



If the coefficient ring A,- is used instead of A.^, the corresponding quotient A^ 
of A^ will be equal to Z. One would then quickly conclude from the above presen- 
tation of the domain V that if A((/)) 7^ (as an element in the quotient A,-), then 
ai = ... = flfc = and £2 = £\. If m(0) = 1 then = £2 = 1- We can then carry 
out the rest of the argument for any choice of indices e and (5, if the coefficient ring 
is replaced with A^. 

With coefficients in A, however, in order to complete our investigation we need to 
assume e(i) = {-I-} for i = 1, ...,£. The corresponding generator is often called the 
top generator . In this case the equality £\ = £2 is automatic. Replacing /i((/') = 1 
in equation |13| we obtain a\ = ... = = and £1 = \. From here we will have 
(from positivity of the domain) that q2 = ... = qt — ^- This means that if the top 
intersection point x' is connected to an intersection point x'' by a positive domain 
(j) of index 1, such that A((/)) ^ 0, (5 differs from e only over one element of {1, ...,£}, 
where e gives -I- and 5 gives — . Let us assume that this element is i € {1, ...,£}. 

If i ^ 1, the possible domains one may obtain asV + V are and D~ , and the 
total contribution of x'^ to 9(x'^) is zero. However, if i = 1, the possible domains are 
D+,D]; +D2 and + D+ . A gain, the total contribution of these three domains 
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is zero by the argument of [0S5j (lemma 9.4). The above discussion imphes that 
the top generator is closed and represents a non-trivial element of the homology 
groups corresponding to either of chain complexes 

CF(E,a,/3,w;So) & CF(S, a, /3, z; Sq) = CF(E, a, /3, z;So) A,. 

Moreover, the same argument implies that all the generators of the form x"^ are 
closed, when the coefhcient ring A,- is used instead of A,-, giving rise to an identi- 
fication of the chain complexes: 

CF(E,a,;3,z;So;A) =HF(#^S'i x S^,to) 

The above equality means that the differential on the right hand side of the above 
equality is trivial. Any module isomorphism of the right hand side which respects 
the filtration by relative Spin'^ structures is thus a filtered chain homotopy equiva- 
lence. The top generator x*^ of CF(I], a, /3, z; Sq) is usually denoted by 8, or Qap- 

The above example illustrates how the arguments of Ozsvath and Szabo for the 
study of the special Heegaard diagrams, i.e. Heegaard diagrams where most of 
are Hamiltonian isotopes of curves in a, may be generalized to the present sit- 
uation. The above type of Heegaard diagrams appear in the arguments for the 
invariance under handle-slide. We will face similar Heegaard diagrams again. In 
particular this happens when we study the exact triangles. Each time, a separate 
argument should be presented for computing the contribution of holomorphic disks 
and polygons. However the argument is always a straight forward modification 
of the corresponding argument for Heegaard diagrams arising from closed three- 
manifolds. 



6.3. The triangle map and the invariance. Fix a Heegaard triple 

= (E,a,/3,7,z) 

and assume that z = {zi, z^}. We will denote the balanced sutured manifold as- 
sociated with (S,q;,/3,z) by {X,t) — (Xap^Tajs), and the corresponding coefficient 
ring by A = A,.. Similarly, let (Xq,^,Tq^) and (X^-y,r^^) be the balanced sutured 
manifolds associated with the Heegaard diagrams (I],q:,7, z), and (E,/3,7, z) re- 
spectively. Suppose that 

k I m 

i—1 i — 1 i—1 

where Ai,Bi and Ci are the connected components of the curve complements. We 
will furthermore assume that m ^ I, and that these components are labeled so that 
for each i — I we have Ci z — Bi z, and g{Ci) — 9{Bi). This implies that 
A(/3) = A(7) in (Ai, Ak)z, and more importantly, X{Ci) = X{Bi) for i = 

Assume that the coefficient rings A^-y and A^^ are associated with the Heegaard 
diagrams (I],/3,7,z) and (I],a,7,z) respectively. Then the above observation im- 
plies that 

( ^1, ) 

^ \ /z 

(xiBO I = g{a) > O) 
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is naturally mapped by a quotient liomomorphism 

P/37 ■ ^p-r — ^ ^ap — Al- 
to A. We may thus consider the A-module 

CF(E,/3,7,z) (»A,, A, 
which will have the structure of a filtered (A, H) chain complex, with H = H^(X, dX; Z). 

Any triangle class ipn G Spin'^(i/, {o;, /3, 7}) determines a set of three Spin'^ 
structures 

SaP ^ Spm''(^Xal3iTai3)y S a-y € Spin" (^X {Tay)j , &^ S ^ Spin" (^X fjy{Tpy)y 

These three Spin^ classes, together with the triangle class of i/^h give a coherent 
system of Spin'^ structures for H which will be denoted by T. We will assume that 
T, or equivalently the triangle class ipH, is fixed, and will drop them from the no- 
tation when there is no confusion. In particular, by the admissibility of a Heegaard 
diagram we would mean T-admissibility. 

Any choice of coherent systems of orientations Oap and Oa-/ associated with the 
Spin'^ classes Safs and s^-y may be completed to a coherent system of orientations for 
T by lemma [6^ Furthermore, we are free to choose the orientation associated with 
a fixed representative of ipH- Let us fix such a coherent system of orientations. 
Once again, we will drop this choice of orientation from the notation. 

Assuming that the Heegaard triple H is admissible, the triangle map correspond- 



ing to H (and the triangle class ipn) is defined via the construction of subsection 6.1 

) (g) (CF(I], (3, 7, z; 5f}^) ®A„^ A^) — > CF(I], a, 7, z; s 



a7 J 



yeT„nT^ ■06'r°(x,q,y) 

As usual, Az is the map 

^-11 II II 'r2+(x,y,w)^G(A) 

xSToHT^ yST^nT-, weT.^nTo 

AzW :=nA:-(^^eG(A). 

1=1 

The admissibility of the Heegaard diagram implies that fapj is well-defined. 

Lemma 6.11. The map fap-y is an A chain map. More precisely 

x)(g)q^ + faP'r(^x'Sid{q)j = a(^/a/37 (x «) q)) 

for all X €E H and q G n corresponding to the Spin^ classes Sap and 
respectively. 
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Proof. The equality 

fafi-y x) (g) qj + fai3-f(x(g> d{q)j = 9(^/0/37 (x q)) 

in the above lemma is nothing but the following special case (i.e. the case to = 3) 
of theorem |6^ 

^ ' = 0. 

□ 



^(x) (g) q^ + /q^7 [yi (g> fpfiqij - fa-t i^faM (x ® q) 



As in |0S5j . holomorphic triangle maps satisfy an associativity law, which comes 
from considering Heegaard quadruples. Let K — (S, a, /3, 7. <5, z) be an admissible 
Heegaard quadruple. This means that we have a coherent system T of Spin*^ classes 
of polygons, which consists of a square class 



i^K e Spin'=(^iC,{a,/3,7,5} 
and triangle classes 

V'a e Spin^ [k, {/3, 7, 6}^ , V/3 e Spin'^ {k, {a, 7, 6} 
V'7 e Spin'^fX, {q;,/3, J}), & e Spin'^f A', {a, /3, 7} 



We implicitly assume that the set of corners of these representatives of the tri- 
angle classes is a fixed set of 6 intersection points between the pairs of tori from 
{Tq,, T^, T.y, T^}. These classes have to satisfy the following compatibility criteria 

V'K = ■0a * ■07 = * V^S- 

The triangle classes also determine Spin"^ structures on the Heegaard diagrams 
determined by any pair of curve collections. These Spin*^ structures will be denoted 
by G Spin'^(Xc^(Tc^)), etc.. Moreover, we will assume that 

k I I I 

2—1 i—1 i—1 i—1 

are labeled so that Bi O z — Ci D z = n z for i = Furthermore, 
we will assume that g{Bi) = g{Ci) = g{Di) for i = Then we will have 

A(/3) = A(7) = \{8) in (Ai,...,A,), and A(A) = A(C,) = A(A) for i = 1,...,/. 

One may also choose a coherent system of orientations associated with T. In 
fact, we are free to choose Oap, Oa-y, OaS, and the orientation of the triangle classes 
V'^g, 07 and ij^s- Once again, we keep such a coherent system of orientations implicit 
in our notation. 

We may thus consider the following filtered (A.H) chain complexes, which are 
relevant for the associativity: 

Cap = CF(i;, a, /3, z; 5^/3), Cp^ = CF(i;, /3, 7, z; Sp^) ® K 
Cay = CF(S, a, 7, z; Sq^,), Cps = CF(I], /3, 8, z; 5,35) g) 

= CF(i;,a,^,z;Sa5), & C^a = CF(I], 7, (5, z;s^i) A^. 
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Following the construction of subsection 6.1 we define a rectangle map as in (0S5| : 

ha^^s{^ 'S' P 'S' Q 

yeT^nTs i/>e7r2(x.p,q,y) 

Lemma 6.12. The rectangle map hap-yS gives a chain homotopy between the chain 
maps fa-ys{fai3-yi- ■) ® •) '^'^'^ faps{- ^ fp-ys{- ^ .)) ^^^^ scnsc that 

(/a 

= 9(^ft.a/^^5(x(8)p(g)q)^ + hapys{d{'^ "Si p q}^ 
for any x e n T^, p e n T-^, and q e n T5. 

Proof. Once again, this is a special case of theorem |6.8[ where we put m = 4 and 
use the above data. □ 



Proof. Theorem |5 . 9| The proof of the independence from the choice of the path of 
almost complex structures, as well as the proof of the isotopy invariance of the fil- 
tered (A, M) chain homotopy type of CF(E, a, /3, z; s) is the same as the proof of the 
special case discussed in |0S5) . We only need to keep track of the marked points, 
and that the constructed chain homotopy equivalence respects the decomposition 
into relative Spin'^ classes in Spin'^(X, r). The same is almost true for the handle 
slides supported away from the marked points. We will present the proof in this 
case, to give an illustration of the procedure, which involves the use of holomorphic 
triangles and squares introduced above. 

Fix a Spin^ class s G Spin'^(X) and let e s C Spin^(X, r) be a fixed rel- 
ative Spin'^ class in s. To prove the handle slide invariance consider the Hee- 
gaard quadruple (E, a, /3, 7, ^, z) where 7 and S are obtained from f3 as follows. 
Let (3 = {f3i, ...,f3i}. Then we let 6i to be a small Hamiltonian isotope of f3i for 
i = !,...,£ which cuts it in a pair of transverse canceling intersection points. Sim- 
ilarly, for i — 2, we let 7^ be a small Hamiltonian isotope of /3i which cuts 
either of the curves Pi and Si in a pair of transverse canceling intersection points. 
Finally, we let 71 be the simple closed curve obtained by first moving /3i by a small 
Hamiltonian isotopy, and then taking its handle slide over /32. We may assume 
that 71 cuts either of /3i and in a pair of canceling intersection points, while it 
is disjoint from the rest of the curves /3i,7i and Si. We let 

1 = & 6 = {Si, ...,Si}. 

Consider the (admissible) Heegaard diagram (E,/3,7, z), which is a standard 
Heegaard diagram of the type studied in subsection |6.2| Note that all marked 
points which are in the same connected component of E — /3 or E — 7 are in the 
same connected component of E — /3 — 7. Let 6^^ be the top generator of the 
complex 

CF(E,/3,7,z;So) 

corresponding to its canonical Spin'^ structure. This generator is represented by the 
intersection point in T^nT^ which contains positive intersection points between the 



A REFINEMENT OF SUTURED FLOER HOMOLOGY 



61 



corresponding curves j3i and 7i. Similarly, associated with the Heegaard diagram 
(E, /3, 8, z) the top generator of the homology is denoted by a G^^, and is represented 
by the positive intersection points between the corresponding curves /3i and 5i. 
Finally, Q^s is defined in a similar way. We may consider 9/3-^,6^^ and Qps as 
generators of the complexes Cp-y, C^s and C^s respectively. Here, we assume Sa* = s 
for • e 7, (5}, and that 

S/37 = Sfss = SjS = So 

is the canonical Spin'^ structure on X^^ = X^g = Xps- Note that Qpj, Qjs and 9^^ 
are connected to each other by a natural triangle class Aq, of small area. Moreover, 
for any fixed x e fl with s(x) e s, we have a generator /(x) G Tq, n T^, 
determined by the closest intersection points in Tq, n Tg to x. Similarly, there is 
a generator J(x) in Tq, n determined as the closest intersection points between 
a and 7 to x. There is a triangle class connecting 9^^, x and /(x) with very 
small area. Similarly, there is a triangle class As connecting Qpj, x and J(x) with 
very small area. Finally, there is a triangle class A^ which connects /(x), J(x) and 
9-y5. Let □ be the square class Aj * A^. Then □ may also be degenerated as 
□ = A^* A^. The data 

q} = {□,a„,a^,a^,a4 

thus gives a coherent system 1 of Spin*^ classes of polygons for the Heegaard quadru- 
ple, which will be implicit for the rest of the construction. 

Lemma 6.13. The Heegaard quadruple H = (E, a, P, 7, S, z) is 1-admissible, pro- 
vided that H = (E, a, f3, z) is s-admissible. 

Proof. We will prove the lemma for the class of □. The rest of the admissibility 
claims are similar, and in fact simpler. Let us denote the small periodic domains 
constructed as the domain bounded between I3i and (5^ by for i = 1, £. Thus 
Qi is the difference of two bi-gons. Similarly, let Qi+e be the domain bounded 
between /3j and 7j for i = 2, ...,£, and Qe+i be the domain bounded between /3i,7i 
and 132, as in the previous subsection. We will thus have 

dQi = /3i-Si, for i = !,...,£, 

< 9Q^+^ = A-7^, for i = 2,...,^, & 

^dQi+i = 0i + ^2 - 71- 

Finally, let Ai, A^, Bi, Bi,Vi, ...,Vm be the periodic domains corresponding 
to (S,q:,/3,z). As before E — a = and E — /3 = ]JBi. It may be checked 

then that the space of periodic domains for the Heegaard diagrams (E,/3,7, z), 
(E,/3, 5,z) and (E,7, 5,z) is generated by the following periodic domains respec- 
tively 

(Bi,....,B,,Q,+i,...,Q2^), (Bi,....,B,,Qi,...,Q,), & 

<JBi, Bi, Q1 + Q2- Qe+i, Q2 - Q2+i, -, Qe - Qi^- 

Here, Bi is the domain obtained from Bi by adding an appropriated combination 
of Qj, j = !,...,£, so that its boundary is supported on the curves in 5. 
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Let us now assume that we have a periodic domain V with 

^ = + Vp^ + V^s + > 0, X{V) ^ 0, & 

ic^[5),H{Vc.p)) + ic^{io),H{Vp^)) + ic^{k>),H{V^s)) + ic^{5),H{V^s)) = 
V may then be written as 

k I m 2t 

V = a,A, + ^ biB, + ^p^V^ + ^ q^Qi. 

i—1 i—1 i—1 2—1 

With the above notation fixed, computing the evaluation of Spin*^ classes over the 
periodic domains (i.e. re-writing the last equation above) we obtain 

k I m 

(14) = ^a,(2 - 2g{A,)) + ^6.(2 - 2g{B,)) + Y,p,{c^{a), H{V{)) , 

i—1 i — 1 i—1 

since the Maslov index of all Qi are zero for all Spin*^ structures, according to 
Lipshitz' index formula jLip] . Let us set 

k I m 

i—1 i—1 i—1 

Then Q is a periodic domain for the Heegaard diagram (E, a, /3, z), with V— Q only 
consisting of the domains with very small area. The assumption V > thus implies 
that Q > 0. Furthermore A(Q) — \{V), since no marked point lives in the small 
domains. The equation 14 implies that (ci(s), = 0. The s-admissibility of 
of the Heegaard diagram (E, a, /3, z) thus implies that Q = 0. As a result, 

2£ 
i=l 

It is then an easy combinatorial exercise to check from this last equality that all qi 
need to vanish. We have thus shown that P = 0. This completes the proof of the 
admissibility claim. □ 



Finally, the last step towards defining the holomorphic triangle map and the 
holomorphic square map using the Heegaard diagram H is choosing the orienta- 
tion. Note that the choice of orientation over the Heegaard diagrams (S],a,/3, z), 
(E, a, 7, z), and (E, a, 5, z) may be done without any restriction, and we may thus 
choose the orientation on (E,a,/3,z), and the induced orientations on the other 
Heegaard diagrams as our preferred choice of orientation. Orienting the triangles 
and the square in T will then provide us with a coherent system o of orientations 
for the Heegaard diagram H. 

We may thus define the triangle and the square maps associated with this Hee- 
gaard diagram and T. The argument of Ozsvath and Szabo from |0S5j (lemma 
9.7) appUes here to give 

We may thus define a map 



F = :CF(E,a,/3,z;s) 



CF(E,a,7,z;s) 
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by setting F(x) :— fai3-f{^<E) 0/37)- Since Qp^ is closed, F is a chain map. More 
importantly, F respects the decomposition into relative Spin'' structures, and the 
image of CF(S, a, /3, z; s), for the fixed relative Spin'' structure 

5 esc Spin'=(X„^, r„0) = Spin'=(X, r) 

is in CF(E, ct, 7, z; s). Let us denote by G the similar filtered (A,H) chain map 

G = Fajs ■■ CF(S, a, 7, z; s) — > CF(E, a, z; s) 

defined by G{y) := fajsiy ^ Q^ys)- Also, define the map 

H = Hap-ys ■■ CF(S, a, /3, z; s) — ^ CF(I], a, 5, z; s) 

by iJ(x) hai3js{^ (8) 0/37 (81 Q-ys)- Checking that all the above maps respect the 



relative Spin'^ structures is straight forward. Using lemma |6.12[ and the fact that 
flSysiQpy ©75) = Qfis we have 



G 



Small triangles which contribute to /q^^^x ® Qps^ may be used to show that in 
terms of an appropriate energy filtration we have 

where e(x) consists of a combination of generators with smaller energy than x. This 
implies that there is a filtered (A, H) chain equivalence 

K : CF(S,a,^,z;s) — > CF(S, a, /3, z; s), 

respecting the decomposition according to relative Spin'^ structures, such that 

K{jai3s{^ ® 0^5)) = X. Thus setting G' = K o G and H' = K o H we have 

G' o F - Id ^ H' o d + d o H' , 

and G' o F is chain homotopic to the identity. The other composition is similarly 
chain homotopic to the identity. This completes the proof of the handle slide in- 
variance. 

The invariance under isotopy and stabilization-destabilization is completely sim- 
ilar to the proofs presented in sections 7 and 10 of |0S5j . Thus the filtered (A,]HI) 
chain homotopy type of CF(I], a, /3, z; s) is an invariant of {X,t,s), and will be 
denoted by 

CF(X,r;s) = 0CF(X, r;s). 

ses 

□ 



Theorem 5.9 together with remark 4.3 imply that for computing CF{X,t;5 



given a test ring B for A,-, one may use any Heegaard diagram which is weakly 
s-admissible in the sense of remark |4.3[ In particular, we can easily prove the 
following proposition. 

Proposition 6.14. The irreducible balanced sutured manifold {X,t) is taut if and 
only if the filtered (B,-,EIt-) chain homotopy type of the complex CF{X,T;s;Mr) is 
not trivial for some Spin'^ structure s G Spin'^(X). 
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Proof. Suppose that {X, t) is an irreducible balanced sutured manifold which is 
not taut. As in the proof of proposition 9.18 from |Jul| . there is a weakly admissible 
Heegaard diagram (E, a, /3, z) for (X, r) such that Tq, nT^ is empty. This Heegaard 
diagram is s-admissiblc for the test ring Pt : At ^ V>t and for any s S Spin^(X) by 
remark [4. 3[ and may thus be used to compute 

GF{X,T;s;Br)^0, V s G Spin^(X), 

where ~ denotes the equivalence of filtered chain homotopy types. 

Conversely, if {X, r) is taut, theorem 1.4 from |Ju2j implies that HF(X, t; Z) ^ 0. 
Since Z is a test ring for B,- this implies, in particular, that the filtered chain 
homotopy type of CF(X, t;Bt-) is non-trivial. □ 

In fact, the proof of proposition |6.14| implies the following corollary. 

Corollary 6.15. For an irreducible balanced sutured manifold (X,t), the filtered 
(Bt-,HIt-) chain homotopy type 0/ CF(X, r; B,-) is trivial if and only i/SFH(X, r) = 
0. 
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7. Stabilization of sutured manifolds 

7.1. Simple stabilization of a balanced sutured manifold. Let us fix a bal- 
anced sutured manifold {X,t = {71, ...,7k}) and let 

k I 

^-{r)=\jRi , ^9i+{T)=\jR+, 

as before. 

Definition 7.1. We say that a sutured manifold {X,t) is obtained by a simple 
stabilization of {X,t) if t = t U {7k_|_i, 7k_|_2} and 7^+1 and 7k+2 are oriented 
simple closed curves so that —7^+1 and 7^+2 are both parallel to an oriented suture 
7i G T, where "fi is in the common boundary of two genus zero components o/91(t). 

Moreover, 7^ and 7^+1 bound an annulus in dX — t. 

Without loss of generality we assume that i = k, and that 7i = 7k G dR^ (1 dR^ 
and 7K+i,7re+2 C R^ . So the genera of both R^ and i?;"*" are zero. Note that 

9l-(f) =fR-(T)]jA„+i,,+2, fc 

91+ (r) = (fR+(r)-i?+)[jA«,«+i]Ji?+i 

where _R,+ - (7k+i U 7^+2) = ^k+i,k+2 Y[ ^k^k+i U 

and Ak+i,k+2 and are the annulus components with the boundary sets 

{7„+i,7k+2} and {7„,7„+i} respectively. Thus we have 

A+(f) = A+(t) + A«A,+i + A+ , - A+ & 

A~(f) = A~(r) + Ak+iAk+2 

where X^^-^ = A(ii;'|^j). The algebra associated to the boundary of {X,t) is defined 
by 

( Ai, Xk, Ak+1, Ak+2 ) 

Ay = ^ '-^ 

(A+(f)-A-(r)) +(a,+ |5,^>0\ +(at|o7>o\ 

\ /z[k+2] \ ' ' ' /z[k+2] \ ^ ' /z[«;+2] 

Note that the homomorphism 

/ : Z[Ai, Ak+2] — > Z[Ai, Are+i] 

Xi if i ^ K + 2 
Xk ii i = k + 2 



/(Ai) - 



induces a homomorphism / : Aif — > At-[Ak+i], where 

Ar[AK+i] = A^ (8)z[Ai,...,A,] Z[Ai,...,A«+i]. 
Consequently, (At-[Ak+i], /) is a test ring for A^. 

Let (S, a, /3, z) be a Heegaard diagram for (X, r). A Heegaard diagram (S, S, /3, z) 
for (v^, t) may then be constructed from (E,q:,/3,z) as follows. We set 

a ^ a U {ai+i} , k /3 = /3 U {l3i+i] , & z = z U {z^+i, 2^+2} , 

where the additional curves a^+i and Pe+i are isotopic simple closed curves on S 
in the the domain of S — a U /9 containing the marked point with the following 
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properties. We assume that n /3f+i = 2 and that a^+i and Pe+i bound the 

disks and -B/+i respectively. Furthermore, we assume that 

The picture around the marked point is illustrated in figure [2j 




Figure 2. For simple stabilization, a pair of intersecting null- 
homotopic simple closed curves a^+i and P^^i are added to the 
Heegaard diagram close to the marked point z„. The locations 
of the new marked points and are illustrated in the 

figure. The marked point v is used as the connected sum point of 
the current diagram (on a Riemann sphere) with the old Heegaard 
diagram. 

Note that H{Ak+i) = [^«+i,«+2] and H{Bi+i) = in H2(Xr = X^) 

where S'k.k+i and S'k+i,k+2 are sphere boundary components of correspond- 
ing to Ai^ i^^i and A^+i ,^+2 in *H(r) respectively. In the above situation, we say the 
Heegaard diagram (S, S, ^, z) is obtained from (E, a, /3, z) by a simple stabilization. 

We may define a natural map 

T: Spin'=(X,T) Spin=(X,r) 

as follows. Fix s e Spin'^(X, r) and let w be a nowhere vanishing vector field on X 
representing s such that v\dx = Vr- Consider a neighborhood N of 

A = U A^+i^^+2 C dX 

together with a diffeomorphism 

ip:N — > X I X I, s.t. 

d 

i:{A) ^S^X {0} X /, & V* (^^Ijv) |s1x/x{0,1} = 

where / = [0,1] is the unit interval and s denotes the standard parameter on the 
third component of the product x I x I. The vector field ipt{v) may be changed 
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through an isotopy to a new vector field ip^,{v) on x I x I with the property 
V'*(^)lsix{o}x/ = ^7 where the vector field remains fixed through the isotopy on 

(5^x{l}x/)U(^^x/x{0})U(^^x/x{l}). 

The vector field u on may be glued to v\x-n to give a vector field on X, still 
denote by v, which represents an element s in Spin'^(X, r). Define T(s) :— s. It is 
easy to see that T is well-defined and bijective, and that the following diagram is 
commutative 

Spin"(X,f) ^ Spin"(X,r) 

[•] [■] 

" " 

Spin"(Xy) Spin"(X) 

where ij^ : X ^ Xif denotes the inclusion map. 



Proposition 7.2. Let {X,t) he a sutured manifold obtained by a simple stabiliza- 
tion on {X^t) and (S,S,/3,z) be the Heegaard diagram for {X,t) obtained by the 
simple stabilization of the Heegaard diagram (I],a,/3,z) for {X,t) as above. Then 
for any Spin*^ class s € Spin'^(X;f ) the filtered chain homotopy type of the complex 

CF (l],a,3,z,s;A,[A,+i]) = CF(E, a, 3, z, s) A,[A„+i] 

is the same as the filtered chain homotopy type of the mapping cone of 

CF (E, a, /3, z, i^(s); A,[A,+i]) h±lZ^ CF (S, a, /3, z, A,[A,+i]) . 

where we define 

CF (S, a, /3, z, i*^{5);kr [A,+i]) CF (S, a, f3, z, i*^{5)) A, [A,+i], 
& A:= Y[ A, eA,[A«+i]. 



7.2. The analytic input. Before we start the proving proposition 7.2 we need 
to rephrase the statements of theorem 5.1, lemma 6.3 and lemma 6.4 of |0S8) for 
balanced sutured manifolds and the corresponding Heegaard diagrams. 

Let {X,t) be a sutured manifold with the Heegaard diagram (E,q:,/3,z) and 
consider a point v on E. Let (j> G 7r2(x, y) be the homotopy class of a Whitney disk 
connecting intersection points x and y, and assume that n.i,{(j)) — k £ Z-°. We 
may define a map 

/ :M{(f>)^ Sym'^'(D) 
p''{u)^u-\v X Sym^-\S)) 
Correspondingly, we may define the moduli spaces Ai{(f),t) and A4{(j),A) by 
M{(l),t) = {ue X(0) I (t,0) e & 
X((/),A) = |ue X(0) I p^(w) = a} 
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where t e [0, 1] and A e Sym''(D). 

Let {Xi,Ti) and {X2,T2) be sutured manifolds with corresponding Heegaard 
diagrams (Si, cci, /3]^, Zi) and (S2, a2, /32i ^2)- We can form their connected sum 
afong the points w and v on Ei and S2 to obtain a new sutured manifold {X,t) 
with the corresponding Heegaard diagram (S, a, /3, z) where 

i; = i;i#E2, Q; = Q;iUa2, /3 = /3i U /32 & z = ziUz2. 
Note that Ta r)Tp ~ (Tq^ n T/jJ x (Tq^ n T^^). Consider intersection points 
xi, yi G TTai n and X2, y2 G n T^^. Any homology class 

<p e 7r2(xi X X2,yi X y2) 

can be uniquely decomposed as (f> — 0i#(/'2 where 

(/>i e 7r2(xi,yi), 02 e 7r2(x2,y2), & nt„(0i) = n„(02)- 

Conversely, any pair of homology classes 4>i S 7r2(xi,yi) and (l>2 € 7r2(x2,y2) such 
that — 7i„(02) can be combined to a give homology class 

^ 0i#02 e 7r2(xi X X2,yi X y2). 

Theorem 7.3. Let {Xi,ti) and {X2,T2) be balanced sutured manifolds with the 
corresponding Heegaard diagrams (Ei, q;i,/3i, zi) and (S2, 0:2, /32; ^2) respectively. 
Consider the balanced sutured manifold {X, t) obtained by taking the connected 
sum of the two Heegaard diagrams along w and v as described above. Furthermore, 
assume that w ( respectively, v) is in a genus zero connected component of either of 
El — cci, and Ei — fii (respectively, E2 — a.2,^2 ~ ^2)- P^''' '^'^J/ homotopy class 
= 0i#02 e 7i"2(xi X X2,yi X yz) 

we then have 

= M((/.i)+Ai(02)-2/c 
where Xi, yi e T^^ n T^^ , X2, y2 G Tq,^ n Tp^ and k = n^((/)i) = n^(02)- 
Suppose furthermore that /i(0i) — 1, Ai(</'2) = 2fc and one of the following is true: 

• At least one component o/lH(r2) has nonzero genus and X{4>) =/= 0. 

• All the components o/5H(r2) are genus zero, and 

^2 = 1^21 = |/32l> 5(^2). 

// the fibered product 

M{(t)l) Xsym^n) ^i.4>2) = \ui X U2 e M{(t>l) X A^(02) I p"{ui) = P"{U2)^ 

of and A4{(l)2) is a smooth manifold, then by taking the length of the con- 

nected sum tube sufficiently large there is an identification of this moduli space with 

Proof. The proof is similar to the proof of theorem 5.1 in |0S8| . As in that proof 
we use Lipshitz cylindrical formulation. However, we keep the same notation for 
the moduli spaces and the corresponding maps for the sake of simplicity. 

The formula for Maslov index follows from excision principle for the linearized 
d operator, using cylindrical formulation |Lip| . For the second part of the theorem. 
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if all components of 9\{t) be genus zero and £2 > 9(^2), the proof of theorem 5.1 
from [0S8| applies word by word. In the other case, the proof requires some mod- 
ification, as follows. We drop the details and only highlight the differences. For 
more details, we refer the reader to [0S8j . 

Suppose that $K(r) has a component with nonzero genus. Consider a sequence of 
almost complex structures {^(^)}fg[i,oo) on I]i^I]2i where J(t) denotes the complex 
structure determined by a pair of generic complex structures ji and j2 on Ei and S2, 
and by setting the neck-length equal to t. Let us assume that j(t)(0) 7^ as t — > 
00. Consider a sequence of pseudo-holomorphic curves {ut}tgz+ such that ut G 
Under the assumptions fi{(j)i) = 1 and /i(02) = 2/c, and using Gromov 
compactness theorem, a subsequence of this sequence is weakly convergent to a 
pseudo holomorphic representative ui of 0i and a broken flow-line representative 
of 02- This broken flow-line can not contain any sphere bubblings, since otherwise 
our assumption on CH(r) implies that A((/i2) = 0, and thus X{(j)) = 0. Hence we may 
continue the argument of Ozsvath and Szabo from here there, and conclude that 
there is a component U2 of this broken flow line such that ui and U2 represents a 
pre-glued flow line, i.e. that 

p-iu,)^p^iu2). 

Let 02 be the homotopy class represented by U2. If <^2 7^ '/'2 then the above 
Gromov limit contains boundary degenerations or other flow lines. The assumption 
M4>2) 7^ then implies that p.{4>2) < m(02) = 2fc. Let us consider the map 

: Sym'=(D). 

For any point A e Sym'''(D) the moduli space (/9")^^(A) will have the expected 
dimension equal to p.{(l)') — 2k<0. Thus for a generic choice of A e Sym'°(D), this 
moduli space is empty. This observation implies that </)2 = 02- 

Thus the Gromov limit of a sequence of holomorphic representative of 0, as we 
stretch the neck, is a pre-glued flow line representing 01 and 02- Conversely, given 
a pre-glued flow line, one can obtain a pseudo-holomorphic representative of in 
Ai{4>) by the gluing theorem of Lipshitz |Lip|, as in the proof of theorem 5.1 from 



}0S8| . This completes the proof of theorem 7.3 □ 



Lemma 7.4. Let {X, r) be a balanced sutured manifold represented by the Heegaard 
diagram {Ti,a, l3,z). Let e 7r2(x,y) be the homotopy class of a Whitney disk 
connecting the intersection point x to y. Assume furthermore that T>{(j)) > and 
that A(0) ^ 0. If ^{(p) = 2 then ^A{(j),t) is generically a zero dimensional moduli 
space. Furthermore, there is a number e > such that for all t < e the only 
non-empty such moduli spaces M.{(j),t) are the moduli spaces corresponding to (f> d 
7r2(x,x) where is obtained by splicing a boundary degeneration with Maslov index 
2 corresponding to one of the genus zero components of 9^"^ (r) and a constant flow 
line. For any such moduli space we have 




tf 1 = 1 
if l>0' 
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Proof. Given lemma [5^ the proof is exactly the same as the proof of lemma 6.3 
in [0S8] . □ 

Lemma 7.5. Consider the Heegaard diagram {S,a, (3,2,), where S — S'^ is the Rie- 
mann sphere, and a and j3 are simple closed curves on S intersecting transversely 
in two points {x, j/}, and z = {zi, Z2, Z3, Z4} where there is one marked point in each 
one of the four connected components of S— a— 13. Fix a generic point A G Sym (D) 



for some positive integer k. Then we have 

J2 #M{<j>,A) 



71-2 (a, a) 



for a e {x,y}. 



Proof. Using lemma [578| the proof is exactly the same as the proof of lemma 6.4 
in [0S8j. □ 

7.3. Proof of the stabilization formula. In this subsection we prove proposi- 
tion El 



Proof, (of proposition 7.2 1. Let s € Spin'^(Xf) be a Spin'^ structure on Xf. 
Consider a Heegaard diagram (S,q:,/3,z) for {X,t), which is ii^(s)-admissible. 
Furthermore, assume that for any positive periodic domain V we have the following 
implication: 



(c,{t*^{5)),H{V))<0 X{V) = 0. 



4.6 



Let H 



The existence of such a Heegaard diagram is guaranteed by remark 
(S,S,/3,z) be the Heegaard diagram for {X,t) obtained by a simple stabilization 
on (S, a, f3, z). We claim that this Heegaard diagram is s-admissible. Suppose that 
P is a positive periodic domain corresponding to H such that {ci{s),H{V)) — 0. 
Then there are integers a and b, and a positive periodic domain Vo for H such that 

V^Vo + aAk+i + bBi+i k n,^{Vo) = n,^^^{Vo) = n,^^^{Vo). 

Thus Vo may be viewed as a periodic domain associated with the Heegaard diagram 
(I;,q;,/3,z). If n^J-Po) = then 

(ci(s),fe),i7(7'o)) = (cl(^^^(s)),i^(Po)) +2rf. 

From here we may conclude 

(ci(s),fe).77(7'o))--2(a + 6) 

^ (ci(z^(s)),i7(7'o)) = -2{a + b + d) = -n,^^,{Vo) < 0. 

Since the Heegaard diagram (E,q:,/3, z) is iir(s)-admissible in the stronger sense 



of remark 



4.6 



we conclude that \{Vo) = in A,-. The condition that is in the 
genus zero components of E — a and S — /3 then implies that X{V) = in Ay. This 
proves the s-admissibility of the Heegaard diagram H. 

Let us consider the Heegaard diagram (S],S,/3,z) as the connected sum 
(S,a,/3,zU {w} - {z^}) # {S, ae+i, Pi+i, {v, z^, z^+i, z^+2}) , 
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where 5 is a sphere, w and v are the corresponding connected sum points such 
that w is in the same domain as in (E, a, /3, z). If a^+i H Pi+i = {x.,y} then 
T3 n = (T„ n T^) X {x, y}, and for any x e Tq, n we have 

s(x) =?(s(xx {x})) =?(s(xx {y})) +PD[7«+i]. 
Let Cx and Cy be the submodules of 



CF (l],S,3,2,s;A,[A,+i]) =CF (e,S,3,z,s) A,[A 



K + IJ 



generated by the intersection points containing x and y respectively. Thus we have 
a module splitting 



CF [Y.,a,l3,z,s:Ar[X^+i]j =Cx(SCy. 

First we consider the C^-components of the differential of the complex on the 
generators of Cx- Let x x {x} be a generator of Cx and (p G 7r2(x x {a;},y x {x}) 
be the homology class of a Whitney disk with ^{(j)) = 1. We may thus decompose 



(/) as (j) = 0i#02 where 0i G 7r2(x,y) and 02 G 7r2(a;, x). Theorem 7.3 then implies 
that 

fi{<j)) ^ ^(0i) + ^i{(f>2) -2k = /i(0i) + 2n^^^^ {(1)2), 

where k = — n^(02)- If -^(0) 7^ for long enough neck-length, then (/)2 

admits holomorphic representatives and 'D{(j)2) > 0. This implies that 

^ii(f>2) - 2n,{^2) = 2n,^^,{(t,) > 0, 

and that the equality happens if and only if nz^^-^{(l)) — 0. If fJ-{(f>2) — 2ny((f>2) > 
then < —1 and is generically empty. Thus n^^_^j(02) should be zero 



and fi{(t)2) — 2n„(02) = 2fc. Theorem 7.3 then guarantees that for a sufficiently 
large connected sum length, we have an identification of A4{(j)). 

X(0) = X(0l) Xgy,„fc(D) Mi(j)2) 

= [ui XU2e X(0l) X X(02) I ^"'(^^l) = P^U2)} 
tilGA-l(0i) 

The coefficient of y x {a;} in the expression 5(xx {a;}) in CF ^S, S, /9, z, s; A7-[A^+i]^ 
is thus equal to 

E E <"i)(nA:-^*^M#{^2eA^(</'2) |p"'(z^i) = p''(z^2)}, 

(/)iG7ri(x,y) uieM(0i) ^^=1 / 

<^26'''2(a;,a;) 

where e(wi) denotes the sign associated with ui e via a coherent system 

of orientations for the Heegaard diagram (which is suppressed from the notation). 



Lemma 7.5 may be used to compute the interior sum. The total value of the above 



sum is thus equal to 
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which is the coefBcient of y in dx in CF(I], a, /3, z,s) (8)a^ A^[Ak+i]. 

With the same argument, the Cj,-component of the differential of the generators 
in Cy is identified with differential of Cy = CF(E, ct, /3, z, s) iSJa^ ^^-[Ak+i]- 

We now consider the Ca;-component of the differential of a generator in Cy. For 



any </) g 7r2(x x {y}, y x {x}) we can write (j> — 0i#02- By theorem 7.3 if fj,{(f)) — 1 



then fi{(t>i) + Ai(</'2) ~ 2r7,„((/)2) = f . By Lipshitz' Index formula we have 

fi{(f>2) = 2n„(02) + 2n,^^, {(j)2) + 1. 

This implies that /i(02) ~ 2n„((/)2) > 1, and that the equality holds if and only if 
"'«K+i('^2) — 0. Thus this last equality should be satisfied and = 0. Hence (/>i 

is constant, /i(02) = 1 and ny{4>2) = 0. These conditions imply that the possible 
domains for 02 are two different bi-gons in S connecting y to x, which contain 
and z„+2 respectively. For either of these bi-gons A4{4>2) consists of one element, 
while the orientation assignment for these two bi-gons is different. Using the re- 
lation /(Ak) = /(Ak+2) in A[Ak+i], we may thus conclude that the coefficient of 
y X {x} in 9 (x X {y}) is zero, i.e. the Ca;-component of the differential of the gen- 
erators in Cy is trivial. 

Finally, we consider the Cy-component of the differential of a generator in Cx- 
Again, degenerate (f) G 7r2(x x {a;},y x {y}) with p(0) = I and X{(j)) 7^ as the 
connected sum (j) = 0i#02- We thus have /i(0i) -I- fJ-{(f>2) — 2n„(02) — Ij implying 
fJ-i4'2) ~ 2ftt,((/'2) 5: 1- By Lipshitz' index formula we have 

[i{(i>2) = 2n„(02) + 2n^^^j {^2) - 1, 

which implies that /i(02) is an odd number and fJ-{(t>2) ~ 2^1,(1/12) ^ ~1- Thus 
fJ'{4'2) — '2nv{(t>2) is equal to 1 or -I. 

If /i(02) — 2n„(02) = 1 then /i(0i) = 0. Thus (pi is constant and is the bi- 

gon containing z^+i- In this case ^A4{(p) — 1. Thus the corresponding component 
of the differential, as a map from Cx to Cy, is given by 

dly : Cx > Cy 

dlyi^ X {x}) := A^+i(x X {y}). 

The second possibility is the case where /i(02) ~ 2ri^((/)2) = ~1- If m(02) — 
n'v{4'2) = 1 then = 2 and n^{(j)i) = 1. If furthermore $H(r) has at least one 

component with nonzero genus then by theorem |7.3| for sufficiently large connected 
sum length is identified with 

M{^i) XoM{cl>2) = {«! X U2 e X M{cl>2) I P^'K) = P^K)} 

= |mi X m2 G A^(</'i) X M{4'2) I p"'(mi) = 

Now fJ.{4>2) = ny{(f>2) = 1 implies that the domain of (j)2 is the bi-gon in S containing 
V and thus it has a unique holomorphic representative up to translation. We can 
fix a holomorphic representative U2 such that U2^{v) — {t, 0). Using an appropriate 
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system of coherent orientations we thus have 

#M{<j^) = e I p^{u,) = (t,0)} 

Let us now assume that the point v is chosen very close to the curve /3. By 
lemma 7.4 for t sufficiently large M.{(j)i, t) is nonempty if and only if (pi S (x) is 
the class of a /3 boundary degeneration. If furthermore I > 1 then t) = 1. 

Thus this case contributes to the Cj,-component of the restriction of the differential 
to Cx via a map 

dly{^-K{x}) = -\ W A, l.(xxM) 



Similarly, if / = 1 then (?^y(x x {x}) = 0. 

To deal with the other terms corresponding the homotopy classes cj) with n^{(j)2) > 
1 we define a one parameter family of connected sum points v{r) on S such that 
when r goes to infinity, v{r) tends towards a point Uoo on the curve /3. 




Let Mrifj}) be the moduli space of holomorphic representations of (jj when we 
used the connected sum point v{r) in S. Assume that for a sequence {ri} converges 
to infinity, the moduli space A^ri(0) 7^ for all choice of connected sum length. 
For sufficiently large connected sum length the moduli space Airi{4>) is identified 
with the fibered product ^A{(j)l) Xgy^^fc^n) ■Mi4'2)- Consider a sequence u\ x u| in 
the fibered product. Let and uf be Gromov limits of {u\} and {u^}- The 
assumption ^{(t>i) = 2 implies that there are three possible types for the limit u^. 
The limit can be a holomorphic disk or a singly broken flow line or it can contain 
a boundary degeneration. If it contain a boundary degeneration, A(^) 7^ implies 
the remaining component has Maslov index zero and it should be constant. Thus 
k = 1 and this situation is already considered in the previous case. 



If v!^ is not a broken flow line and it is a holomorphic disk, has a component 
u"^ such that p^iv!^) = p'"{u^). Since v{ri) tends toward Voo on /3, p"{uf) in- 
cludes some points on {0} x R. Thus for large i, p'^{u\) contains points sufficiently 



close to {0} x M. By lemma 7.4 the holomorphic curve u\ should be a boundary de- 
generation for i sufficiently large. This implies that k = 1 and again, we are within 
the cases considered earlier, and there is no new contribution to the Cy-component 
of the restriction of the differential to Ct from this case. 



Finally, if u'^ is a broken flow line i.e. it is of the form u'^ — a -k b and 
IJL{a) = p{h) = 1, then degenerates, correspondingly, as = a' -k b' . The 
Maslov index of (f)2 is odd, thus one of a' and b' has odd Maslov index. Let us 
assume that yu(a') is odd. Then {a')~^{v°°) contains some points on {0} x K. If a is 
the holomorphic representative of a homology class 4>'i of a Whitney disk, then for r 
sufficiently large A4{(l)[) includes holomorphic representatives such that p^{a^) 
contains points of distance less than 1/r to {0} x E. Since /x(^i'i) = I, has finitely 
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many holomorphic representative up to translation. Thus for any holomorphic rep- 
resentative u of (fi'i, p^{u) does not include points arbitrary close to {0} x M, since 
w is not on (3. 



Gathering the above considerations, we observe that if either of the two as- 



sumptions in the second part of theorem 7.3 is satisfied the Cy component of the 



restriction of the differential to is given by the map 



Cy 



d^y (x X {x}) = dl^ (x X {x}) 



(x X {x}) 



A„+i(xxM)-| Yl A. |.(xx{y}) 

= (A«+i - A) (x X {y}). 

The proof in the case where all the components of ^{t) have genus zero and 
£2 = g{^) is exactly the same as the last part of the proof of proposition 6.5 in 
|OS8| . This completes the proof of proposition 7.2 □ 
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8. A TRIANGLE ASSOCIATED WITH SURGERY 

8.1. The triangle associated with the surgery Heegaard quadruple. Let 

us assume that 

H = (j:,ol^ {ai, ...,ae},(3 = {/3i, ^^j, zq = {wi,W2,Z3, ...,Zf,}j 

is a Heegaard diagram for the sutured manifold (X, r) compatible with the surgery 
{X,t) ~^ (X,Tx), where the two first marked points wi and W2 correspond to 
the sutures 71 and 72 which are cut by the surgery simple closed curve A. More 
precisely, assume that the marked points wi and W2 are both placed very close to 
a point on such that separates them from each other. We will assume that 

fe ( 

i=i j=i 

are the connected components of S — ct and E — /3, respectively. We may assume 
that Ai corresponds to R~ C ^H~(r) and that Bj corresponds to Rj C $K"'"(t) for 
i = 1, k and j = 1, We will also assume that wi,W2 G AiD Bi, that Ai and 
Bi are both surfaces of genus zero, and that the only marked points in Bi are wi 
and W2- AH these assumptions may be achieved if 71 and 72 are on the boundary of 
Ri and Ri , where both these components have trivial genus and R^ is a cylinder 
(with 71 and 72 its boundary components). We will assume that corresponds to 
7i for 3 < i < K. The surgery {X,t) {X,t\) is determined by a simple closed 
curve A on dX which cuts 71 and 72 is a pair of transverse intersection points and 
remains disjoint from the curves in {73, ...,7^}. This curve determines a simple 
closed curve on S, still denoted by A, which contains wi and W2 as close-by points. 
We may assume that the only intersection point of this curve with the curves in (3 
is at the point p G /3^, located in the middle of the shorter arc on A with end points 
wi and W2- Moreover, we may assume that A is completely included in the closure 
Ai of the sub-surface Ai of S. Such a Heegaard diagram is called compatible with 
the surgery (A, r) (A, ta). 

Suppose that A is as above. A neighborhood A(A) of the union of curves 

A = U A c S 

may be identified with the complement of a very ball, or in fact a single point, in 
the standard torus T = S^xS^, which will be denoted by T°. The covering of T by 
gives a covering of T° by \ Z^. Any line with rational slope and not passing 
through the lattice points in 7? gives a simple closed curve in T°, and thus in the 
neighborhood A(A) of A. If the slope of the line is p/q G Q, we may denote this 
simple closed curve by ^{p/q). Thus, iJ,{p/q) is homologous to p/Sg + qX. Any such 
simple closed curve is called a surgery curve, lip/q is an integer, fi{p/q) determines 
a surgery on (A, r) of the type discussed in section [2] More generally, for any ratio- 
nal number p/q € Q, the simple closed curve n{p/q) determines a sutured manifold, 
which plays the role of Morse surgeries on knots inside closed three-manifolds. Such 
curves will be called surgery curves in short. 
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Let us assume that /ioi/^i and /i2 are three surgery curves for the Heegaard 
diagram H . Let us assume 

are the algebraic intersection numbers of these curves. We wiU assume that the 
three curves (and the corresponding rational surgery coefficients) are chosen so 
that mo, mi and m2 are all positive integers. Let us assume 

Po := ^llf^^J.2 = [po ^pI, pi := n/io = {pi ■■■,pT'}^ 

& P2 :=Mon/xi = {p2 =^'2:■•■;-P™''}• 
We assume that the order of appearance of the points on the first curve in any of 
the above intersections is the same as the cyclic order determined by the indices. 
Furthermore, suppose that the three marked points Po,Pi and p2 are the vertices 
of a very small triangle A, which is one of the connected components in 

E - a - ...,^^„i} - {//o,Mi,M2}- 

We may assume that the intersection point p is included in A as an interior marked 
point. 

We may choose the marked points zq, z\ and zi outside A and very close to its 
edges, so that zq is close to the edge eo connecting pi to p2, ^1 is close to the edge 
ei connecting p2 to poi and Z2 is close to the edge 62 connecting po to p\. The 
notation is illustrated in figure [Sj We will denote by z the following set of marked 
points 

Consider the Heegaard diagrams 

= (S, a, /3'={/3j,..., /i,},z), z €{0,1,2}, 

where we assume that /3j are small Hamiltonian isotopes of the curve fij , for i = 

0. 1.2, so that any pair of curves in {/3°, /3j, intersect each-other in a pair of 
transverse canceling intersection points for j — !,...,£— 1. We would like to study 
the Heegaard quadruple (with n + 2 marked points) 

i?=(I],a,/30,/3\/32,z) 

in this section and construct a triangle of chain complexes associated with it, which 
generalizes the exact triangles associated with surgery on knots in the context of 
Heegaard Floer theory of closed three-manifolds and knots inside them. 

The Heegaard diagram (E, a, /3*, z), for i = 0, 1, 2 determines a sutured manifold 
which will be denoted by (F, <r*). In fact, instead of gluing a disk to Hi, one may fill 
out the suture 7^ corresponding to the marked point p and obtain the same three 
manifold Y. The identification is illustrated in figure |4j Thus the three-manifold 
Y does not depend on i, while the sutured manifold structure is determined by 

1. The above identification of the three manifold Y gives an identification of the 
spaces of relative Spin'^ structures as well: 



(15) Spin^(y,0 := Spin^(y,^") = Spin^(y,^i) - Spin^(r,^2)^ 
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Figure 3. A neighborhood of the curves Ho,Hi and ^2 is ihus- 
trated. One should take the connected sum of the torus obtained 
by identifying the opposite edges of the rectangle, with another 
Riemann surface to obtain the Heegaard surface S. The attaching 
circle of the connected sum tube lands in the shaded area in the 
lower left corner of the figure. The a curves live close to the bound- 
ary of the rectangle, or on the Riemann surface which is attached 
to this torus. The marked points {p, zq, zi, Z2} and the intersection 
points poiPi and p2 are illustrated. For this picture mo = m2 = 1 
while mi = 3. 



Note that Spin'^(y, <;) is just a notation we use for this common space of relative 
Spin'^ structures, and that the identification of the Spin*^ spaces is not natural. 

For i a cyclic index in — {0, 1,2}, let {X, r ') be the sutured manifold obtained 
from (1^, by filling out the sutures corresponding to z^+i and 2^+2 (note that 
we are taking indices modulo 3). The intersection points pi G jJ-i+i H for 
i G = {0, 1, 2} determine an identification of three subsets 

&^ C Spin'=(F'') = Spin'=(X^'), i G {0, 1, 2}. 

Let us denote these identified subsets by Spin^(X). Again in a sense, we are abus- 
ing the language with this notation, at least when A is not null-homologous. We 
will fix a class s G Spin'^(X) for the rest of this section. We will assume that the 
Heegaard diagrams Hi, i = 0,1,2 are s-admissible. When A is null-homologous 
this is guaranteed if the Heegaard diagram H is s-admissible. In fact, we will drop 
the admissibility issues, as well as orientation issues, from our discussion in the re- 
mainder of this section. Taking care of these issues is completely straight forward, 
and follows the lines of the arguments given in the earlier sections. 
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A. 




Figure 4. Instead of attaching a 2-handle along the curve /i^, one 
may fill in the suture which corresponds to the marked point p. In 
part A of the figure, a 2=handle is attached to (think of X as the 
three manifold outside the torus and above the plane illustrated 
in this picture). Then we may slide the 1-handle corresponding to 
p over the 1-handle corresponding to Zi, as illustrated in part B. 
The result, after smoothing the appropriate corners, is the picture 
illustrated in part C, in which the suture corresponding to p is 
filled out and instead, no 2-handle is attached to fii. 
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The algebra A^i is independent of i, and will be denoted by A. Let us denote 
the generator corresponding to the marked point zj by Xj, for j = 0, 1, k. The 
generator associated with the marked point p will be denoted by Ap. We would like 
to consider the following quotient of A: 



Furthermore, let us denote the generator associated with the marked point Zj in 
A^i by Q for j = 3, k, and denote the generator associated with wi and W2 by 
Ci and (2 respectively. Note that Aj = A^i does not depend on i e {0, 1, 2}, either. 
Each Heegaard diagram Hi determines an embedding of Aj in A. More precisely, 
we may define 

if j = 1 
if 3 < j < K 

As mentioned earlier, Aq, Ai and A2 are isomorphic. However, the index is used to 
distinguish them as sub-rings of A, using the embedding : Aj ^ A. 

Let /3q denote the set of curves {/3i, denote a set of £ copies of 
X [— e, e] (for some small positive real number e) corresponding to the curves 
in a and D^^ denote a set of ^ — 1 copies of x [— e, e] corresponding to curves 
in /3q. Denote small tubular neighborhoods of the curves in a and the curves in 
/3o by nd(Q:) and nd(/3Q), respectively. These neighborhoods may be identified 
with subsets of 9Dq, and SD^^ respectively. Under the identification of Y with the 
three-manifold 

([0, 1] X E \ (z - M)) U U 

nd(a)x{0} nd(/3o)x{l} 

each marked point zj determines an oriented simple closed curve on the boundary 
of Y. The Poincare dual of this curve determines an element Xj € H^(y, dY; Z) for 
3 < j < ^. For i e {0, 1, 2} we will denote the element of H^(y, dY; Z) corresponding 
to the marked point Zi by r]i. The assumptions on the Heegaard diagram imply 
that 

■r]o + m+ V2 = 0. 

The Poincare duals of the curves corresponding to the marked point Zj and p 
in (y, <;*) will be denoted by xihj) and xihP) respectively, for i = 0,1,2 and 
< J < ^- Furthermore;, let Xi denote the Poincare dual PD[/z,i] of the simple 
closed curve Hi C dY for i — 0,1, 2. One may check that 



xihj) 

x{i,P) = -Xi 



Xj if .?V * & i e {3, 

Vj if jVi&jG {0,1,2} 
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Associated with any of the Heegaard diagrams Hi, i = 0, 1, 2 (and independent 
of i) we define a filtration map 

X:G{A)^B.\Y,dY;Z), 



X(A,) : 



Xj if i e {0,1, ...,«;} 

^-(Xo + Xi+X2) ifi=p 
Note that with this assignment we may compute 

K K 

X°^'{\{C^)={h-i2)Xi + Y.ii^i^ Vie {0,1,2}. 

This impHes that the fihration x ■ G(A) — ^ lP{Y,dY;7i) is compatible with the 
filtration of G{A,) by lP{X, dX; Z). 

Let us consider the following quotient of Spin'^(y, <;): 

& = Spin^(X,T) := ^P^^'^^'*^) = Spin^(X,T). 

The last equality follows since Spin'^(X, r*) is obtained from Spin^(y, by setting 
trivial the sutures corresponding to zj with j € {0, 1,2} — {i}. Thus, it is equal 
to the quotient of Spin'^(y, by the action of rjj, with j € (0, 1,2} — {i}. Since 
we have ??o + ??i +??2 = 0, this means that rjo, t]i, and 772 act trivially on Spin^(X, r*). 

Correspondingly, consider the following Z module associated with the three- 
manifold Y: 

H:=5!(WiZ)=H^(X,aX;Z). 

We continue to denote the image of Xi G H"^ {Y, dY ; Z) in H by Xi- Clearly, H acts 
on &. Prom the definition, we also have a natural quotient map 

Spin'^CF, c) Spin'=(X, r) = S 

which will be; denoted by (.) (thus, this map sends a relative Spin'' class s to its 
class (s) G 6. 

The filtration map x '■ G{A) — >■ iP{Y, dY; Z) may be composed with the quotient 
map from iP{Y, dY; Z) to H to define a new filtration map, yet denoted by x- 

For i = 0, 1, 2, consider the filtered (A,]HI) chain complex 

Ei{s) : = CF(y,c') ®x A = CF{X, t\s) (^a^, A 

= {^x I xeT„nT^i, &5^(x)es^^. 

The set of marked points z = {zq, Zk,,p} defines a map 

3 

A- II II 7r2(x,y)^G(A) 

i=0 x,yeT„nT^i 



X^c^) := A^-^*)-!] Ar^*^ = A^''(<^)Ao^°^^^"-^^\..A:-(*) 

j=0 
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The differential di of the complex Ej(s), as an A-module homomorphism, is defined 

by 

Here ni((/)) denotes the intersection number nz-{(j)), and 7r2(x, y) C 7r2(x, y) consists 
of all homotopy types ^ of Whitney disks connecting x to y such that fx^cj)) = 1. 
We define a map from the set of generators of Ei(s) to & by setting 

£ : G(A) X (T„nT/3.) & 
s^Ax) (s(x))+x(A). 

Abusing the notation, we will sometimes denote s*(Ax) by s(Ax) = s(x) + x(A), 
dropping the index i and the quotient map (.) : Spin'^(Y,c) — & from the notation. 

Lemma 8.1. // a generator Ay, with A S G{A), appears with non-zero coefficient 
in 9i(x), we will have s*(x) = s*(Ay) in &. 

Proof. Without loosing on generality, let us assume that i = 0. Suppose that 
s(x),s(y) e s, and that there is a Whitney disk (p <E 7r2(x,y) contributing to 9o(x) 
with A = Az((^). Then we will have ni((^) = n2{4>) = n-p^cj)). The existence of this 
disk implies that 

= s(y) + {no{4>) - (</>)) xo + ^nj{(l)).Xj 

3=3 

=^ i°(x) = B°(y) + x(a;''(*) n A;^(^)) = .°(Ay). 

For the equality in the second line, we use the equality x(Ap) = — (xo + Xi + X2)- 
This completes the proof of the lemma. □ 

The above assignment of relative Spin'^ structures is thus respected by the dif- 
ferential di of Ei(5), and ]E,(s) is thus decomposed as 

Associated with the Spin'^ class s, we will describe a triangle of chain maps 
Eo(s) ^ Ei(s) 




E2(S) 

such that the compositions ff_j_j o f|, i g ^ = {0, 1, 2} are chain homotopic to zero. 
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To define the chain map ff_i, note that the special Heegaard diagram (E, /3*, z) 
is admissible for all the corresponding Spin*^ classes (c.f. the arguments of subsec- 
tion 6.2). We may thus compute 

CF ; A) = CF(E, I3\f3'+' , z) ® A 

where (Li_i,z/i_i) is the sutured manifold corresponding to the special Heegaard 
diagram (T, , f3^ , l3^~^ ,z). The intersection point pi-i £ fXi D ^i+i determines a 
unique Spin'^ class 

Si_i e Spin'' , ci(Si_i) = 0, 
as well as a top generator 9i_i corresponding to Si-i (which is a closed element) 
in the above Heegaard Floer complex. The generator Qi-i is obtained as the union 
of Pi-i and the positive intersection points of /?] and /3*^^ for j = !,...,£ — 1. 
The generator Qi-i corresponds to a relative Spin'' class which will be denoted by 
Si_i G Consider the holomorphic triangle map 

/ti :E,(s) (»A CF(E,/3\/3*+\z;s,_i;A) ^E,+i(s). 

On a generator x (g) q of the left hand side, with x G n T^i and q a generator 
corresponding to the Spin'' class s.^^i, /,f_j(x(g) q) is defined by 

(17) /ti(x®q):- E 

yeT„nT^ Ae7r«(x,q,y) 

where (x, q, y) denotes the subset of 7r2(x, q, y) consisting of the triangle classes 
A such that /i(A) = 0. The map f^_^ is then extended, as an A-module homomor- 
phism, to all of E,(s) (g)A CF(E, /3\ /3'+\ z; A). 

One should also fix the Spin" class of the triangles contributing to the sum in 
equation 17 Let us assume that the intersection points Xj e nT^i for i = 0, 1, 2 



are fixed so that s'(x) S s C S. Furthermore, assume that, after possible re-labeling 
of the curves in a, we have 

l^ai n Hi li J = e 

Also, for j ~ 1, ...,£— 1, we will assume that XqjX^ and X2 are very close to 
each other, and correspond to one another by the Hamiltonian isotopies considered 
above. We may always change the a curves in the Heegaard diagram by isotopy 
so that the above condition is satisfied. In order to specify the class of triangles 
used in equation [l7| we need to specify triangle classes € 7r2(xi+i, 9i,Xi_i) for 
any i G = {0, 1, 2}. The domain I?(Ai) consists of a union of £ triangles. The 
first £—1 triangles are small triangles determined by the small Hamiltonian isotopy 
changing the simple closed curves in — {/i^+i} to those in f3^~^ — Two 
of the vertices of the j-th triangle are the intersection points and a;^_]^, while 
the last vertex belongs to the top generator 8^. The £-th triangle connects three 
intersection points between and ae G ct. With this notation fixed, let 

I? = I?(Ao) + I?(Ai) + P(A2). 

We assume that no a curve appears in dT>. Furthermore, we may assume that 
rip (I?) = — 1 while nj{'D) = for j = 0, 1, k. I? is then the domain of a triangle 
class A G vr2(0o, ©1,02) with small area. Note that achieving all these properties 
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may be done through a correct choice of the last triangle among the £ triangles 
chosen above. 

The choice of this last triangle class (with the above properties) determines how 
the map changes the relative Spin" classes. We will specify this last choice 
after the following lemma. 

Lemma 8.2. There exists a cohomology class hi € W for i = 0,1,2 with the 
following property. If for a generator x o/Ej(s) we have 

5(x) = SG s C &, 

and for the intersection point q e fl T^.+i we have s(q) = Sj_i, then 

/f_i(x(8q) GEi+i(s + /ii_i). 
Furthermore, the cohomology classes satisfy 

ho + hi + h2 = - (xo + Xi + X2) • 

Proof. Once again, it suffices to prove the lemma for i = 0. The cyclic symmetry 
of all definitions then implies the lemma in general. Let q € T^o n T^i be an 
intersection point corresponding to the relative Spin'^ class S2. Suppose that y € 
Ta n T^i is a generator such that 7r2(x, q, y) is non-empty, and that A is a triangle 
class in this set. Then, using the fact that n2(<^) = np{(p) we will have 

s°(x) = (5(y) + /12) + (no((?i) - np{(j)))xo + {ni{(l)) - np{(f)))xi + '^nj{(p)xj 

3=3 

K 

= (s^(y) + h^) - np{4>){xo + Xi + X2) + ^nj{4>)xj 
= si(A,(0).y) + /i2. 

Here /12 is a cohomology class in H which depends on our identification of spaces 
of relative Spin'^ classes associated with the diagram, and is chosen once for all. 
Consider triangle classes 

Z 

Ai_i e 7r2(xi, e^.i, Xj+i), i e {0, 1> 3} = — 

corresponding to the Heegaard diagrams (E, a, f3^,f3^~^^, z) defined earlier. We have 
assumed that the triangle classes are chosen so that 



V = V{Ao) + P(Ai) + P(A2) = V{A) 
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is the domain of the triangle class A e 7r2(Oo, Oi, 62) so that npiV) = — 1 and 
nj(T>) — for j = 0, K. The above computation then implies that 

s"(xo) (A,(A2).xi) + /i2 

= (Az(Ao)Az(A2).x2) + ha + h2 

= 5° (A^(Ao)Az(Ai)Az(A2).xo) + ho + hi + h2. 

= s" (Az(A).xo) +ha + hi + h2. 

3 

i=0 

This completes the proof of the lemma. □ 



In fact, we may choose the identification of equation 15 for Spin"^ classes so that 
with the notation of the above lemma we have 

Z 

//(x«)q) e E,_i(s + (to, - l)x»), V^G— , 

or equivalently, hi = (1 — rriijXi- This last condition determines the triangle classes 
in a unique way. The closed top generator 

Qi^i e CF (i,_i,i/,_i;s,_i) (g) A 

may then be used to define the map ff_i by 

fU ■■ E.(s) ^ E,;+i(s), ff_i(x) := /ti(x® e,_i). 

For a relative Spin^ class g £ s C &, the restriction of f| to £^+1(5) C Ei+i(s) will 



be denoted by fj. Lemma 8.2 implies that the image of is in Ej_(_2(s+ (™j ~ l)Xi)- 



Straight forward arguments in Heegaard Floor homology (c.f. section 7 of |0S5p 
may be used to show the following proposition, using the closed-ness of the gener- 
ators 00, 6i and 62: 

Proposition 8.3. The maps ff, for s G s C &, as defined above are all chain 
maps, which are induced by A chain maps 

f^E,+l(s) ^E,+2(s), ze^ = {0,1,2}. 

8.2. Compositions in the triangle are null-homotopic. The maps defined in 
the previous subsection give a triangle of A chain maps between filtered (A,]HI) 
chain complexes: 

Eo(s) = 0Eo(s) ^ ► Ei(s) = 0Ei(s) 

(18) 





E2(S) =0E2(s) 



The maps in this triangle change the associated relative Spin*^ class in a controlled 
way, as described in lemma [8?2} 



A REFINEMENT OF SUTURED FLOER HOMOLOGY 



85 



Our first observation is the following theorem. 
Theorem 8.4. With the notation of the previous sub-section, the compositions 



fi+i ° fi' ^ M, ~ 1; 2} from the triangle in equation 18 are A chain homotopic 
to zero for each Spin'^ class s G Spin'^(X). More precisely, there are A homotopy 
maps 

Z 

:E,_i(s) ^E,+i(s), is — = {0,1,2}, s.t. 



H!od,., + d,+,oH! = fU ° n+i V I e 



Z 

3Z' 



Proof. Throughout this proof, we will assume, for the sake of simplicity, that 
the top generators Qi, i & are represented by a single intersection point of the 
corresponding tori. Define the homotopy map Hf from the Heegaard quadruple 
(S,a,/3^-\/3\/3'+\z)by 

i7,f :E,_i(s) ^E,+i(s) 

(19) ^^(x):= J2 (m(n)A,(n)).y. 

yeT„nT^i+i 

□ G7r2-i(x,e.+i,e._i,y) 

Here 7r2(x, 9i+i, y) denotes the subset of 7r2(x, 8i+i, y) consisting of 
the squares □ with /i(n) = j, and m(n) denotes the number of points in the 
moduli space A^(n), counted with sign. Furthermore Az(n) is defined by 

A,(n) = A^-(°)nA;^(°)eA. 

3=0 



In equation 19 we only count square classes which may be represented as the 
juxtaposition of the small triangle class A in Tr2{Qi+i,0i-i,Qi) with the triangle 
class Ai in 7r2(x, Qi, y). We will drop this condition from the notation for the sake 
of simplicity. 

Lemma 8.5. With the above notation fixed, for any relative Spin*^ class S G S C © 
the image of 

Hf = i?,f |e._,(.) : E,_i(s) E,+i(s) 

is in the sub-complex 

Ej+i (s- {m.Xi +Xi+i)) C Ej+i(s). 

Proof. Without loosing on generality, we may assume that i = 0. Let □ G 
7r^^(x, 8i, 02, y) be a square connecting x to y. We can thus find an element 
/i € H such that for all such generators and square classes we have 

2 K 

s2(x) = si(y) + + Y.^n,^^) - np{U))x^ + "j(°)Xj- 

= i{y) + h + x f a;''^^) n a;^(°M = (A.(n).y) + h. 
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Considering the square classes which are obtained as the juxtaposition of triangles 
corresponding to ff_i and f^_i^i, and using the coherence of the system of Spin'^ 
classes, we may compute h: 

h = h2 + hi = {m,2 - 1)X2 + [rrii - l)xi 

= -("^oXo + Xi +X2)- 

This completes the proof of the lemma. □ 

If y is an intersection point in Tq, H T^i+i and if □ € 7r2(x, G^+i, y) is 
a square with /i(n) = 0, we may consider the moduli space A^(n), which is a 
smooth, oriented 1-dimensional manifold with boundary. The boundary points of 
this moduli space correspond to different types of degenerations of □. Four types 
of these degenerations, are degenerations of □ to a bi-gon and a square. Since 6i-i 
and Oi+i are closed elements in their corresponding chain complexes, counting such 
degenerations contribute to the coefficient of Az(n).y in the expression 

(iJf o9,_i+a,+ioi7f)(x). 

Then we have the possibility of a degeneration of □ as A ★ A' with A e 7r2(x, q, y) 
and A' G 712(8^+1, q) for some q S T^i-iHT^i+i satisfying ^(A) ~ /i(A') — 0. 
Such degenerations correspond to the appearance of y in the expression 

*i(x(g) $,(6^+1 ® e^-i)), 

where the holomorphic triangle maps and $j are defined by 

:E,_i(s)®CF(S,/3*-\/3'+\z;s,;A) ^E,+i(s) 
*i(x®p):= ^ (m(A)A^(A))w 

wGT„nT^i+i 
AStTsCx.p.w) 

$,(e,+i®e,;_i) := (m(A)A,(A))p. 

peT^i_inT^i+i 
Ae7r°(e,+i,e,_i,p) 

Since the Heegaard diagram (E, /3'^^, /3'^^, z) is a standard diagram, one may 
easily observe that ® = 0. The reason for this vanishing is that 

holomorphic triangles which contribute to the above sum come in pairs. This is in 
fact the same phenomena as what happens in the surgery exact sequence of Ozsvath 
and Szabo |0S3j . The relation 

\ -i mo — 1 \mi—l -17712 — 1 

Ap — Aq Ai A2 

then guarantees that the element of A associated with both triangles in any pair 
is the same (note that the corresponding signs associated by the orientation con- 
vention are different). Thus, the triangles in each pair will cancel each other to 
give 

$i(e,+i (g) Oi-i) = ^ *»(x(g)$,(e,+i ® e»_i)) = 0. 

Finally, the last type of degeneration for the domain □ is a degeneration of 
□ as □ = A T^r A', where A G 7r2(x, Oi+i, w) and A' e 7r2(w, y) for some 
w e Tq n T^i. Counting the end points of M.{U\) corresponding to such degenera- 
tions gives the coefhcient of Az(n).y in (f|_i o f|^j^)(x). 
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Gathering all this data wc conclude that the following relation is satisfied. 

Z 

Ht o + o Ht = o fi+i, V z e — = {0, 1, 2}. 

implying that f|_]^ °ff+i is A-chain honiotopic to zero, and that the decomposition 
into relative Spin'^ classes in (S is almost respected by the maps in the sense de- 
scribed in lemmas [8.51 and [8^ 

□ 



8.3. Exactness and computation of chain homotopy type. We would like to 
apply lemma [3?8| to the triangle of equation [Tsj For this purpose, we have to refine 
the coefficient ring as follows. Let 

be the algebra constructed from A by adding an inverse for Ap. There is a natural 
homomorphism 

p : A — ^ B 

which may be used to take the tensor product of any A module with B and con- 
struct a B module from it. We will sometimes denote by ^. In the algebra B, 

the element X^'^~^ is invertible, and it thus makes sense to talk about A^"™'. In 
fact, if > 1 the element Aj itself will be invertible. The most interesting case is, 
however, when some or all of are equal to 1. In particular, if mg = toi = m2 = 1, 
Ap = 1 £ A and consequently we will have B = A. 

We may define, for i S ^ = {0, 1, 2}, 

0^ :D,+i(s) :=E,+i(s) ®aB^D,_i(s) :=E,_i(s) ® a » 
0?(a)=Ai-"'.f|(a), VaeD,+i(s). 



From lemma 8.2 we know that gf is a filtered (B,H) map between filtered (B,]HI) 
chain complexes Di+i(s) and Di_i(s) which decomposes as a sum of maps 

gf :D,+i(s) ^D,_i(s), V s G s c 6. 

We may also modify the maps Hf so that they respect the relative Spin'^ decom- 
positions. According to lemma |8.5| the following definition gives the appropriate 
chain homotopy maps 

= 0Gf : D,_i(s) = 0ID),_i(s) D,+i(s) = 0D,+i(s) 

Gl{a) = {CpXT'-').H!{a), V a e D,_i(s). 

Theorem 8.6. With our previous notation fixed and for any * G ^ = {0,1,2}, 
the map from Di(s) to the mapping cone of defined by 

Zf :D,(s) ^D,+i(s)eD,_i(s) 

Zf(z) (gti(z),G|+i(z)) 

is a filtered chain homotopy equivalence of filtered (B,IHI) chain complexes. In par- 
ticular, the decompositions of the two sides into relative Spin'^ classes s G s C 6 is 
respected by this chain homotopy equivalence. 
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Proof. For any integer j G Z let us define 



'o(s) 


ifj 


= (mod 3) 


'l(s) 




= 1 (mod 3) 


'2(S) 


ifj 


= 2 (mod 3) 



Denote the differential of Aj by dj. Furthermore, define fj : Aj ^j+i to be 

02, 00 o'" 01 fo^' j = 1 2 modulo 3, respectively. Let Hj : Aj — ^ 
depending on whether = 0, 1 or 2 modulo 3 be the maps Gf,G2 and Gq, re- 
spectively. By lemma [378] in order to show that the map Tf is a chain homotopy 
equivalence of filtered (B, H) chain complexes we have to show that the differences 

= ° Hi — Hi+i o fi : Ai ^ are chain homotopy equivalences. Checking 
that all the constructions respect the decomposition into relative Spin*^ classes in 
6 is straight-forward from the lemmas [8.2| and [875] 

As in |0S6| and |0S3| , checking the above claim is done by considering holomor- 
phic pentagons associated with Heegaard diagrams of the form 

(s,a,/3^^^■+^/3^■+^/3^"+^z), 

where /3-' denotes a set of £ simple closed curves which are Hamiltonian isotopes of 
the curves in /3' where « £ ^ is equal to 0, 1 or 2 and j is congruent to i modulo 

3. Let us denote the top generator of the Heegaard Floer homology group associ- 
ated with f3-' , f3-'~^^ ,z) by 8j, by little abuse of notation. More generally, the 
top generator associated with (E, /3', /3-' , z) will be denoted by Qij. For any three 
indices i < j < k, there is a triangle, with small area (assuming that the Hamilton- 
ian isotopies changing the curve collection to each other are small) which connects 
Qij,Qjk and 9;^. Denote this triangle class by Aijk- 

Without loosing on generality, we may assume that j = modulo 3. Choose a 
generator x g Tq n Tpj so that s(x) = s € s. The curves in f3-'^^ are Hamiltonian 
isotopes of those in /3-' . Thus there is a natural closest point map 

/ : T„ n V- ^ n V-+3. 

There is a natural triangle class connecting 0jj_|_3,x and /(x) which will be de- 
noted by Ax. 

Let us denote the complex associated with {T,, f3j, l3j^i,z) and the coefficient 
ring B with Bj, and the complex associated with {T,, (3j, f3j^2T^) (again with co- 
efficient ring B) by Cj, and finally the complex associated with (S, /3j, /3j_|_3, z) by 
Dj. We omit the straight forward details of the definitions. 

Define a map Vj : Aj — > Aj^^ ^ Aj by 

P,(x)= J2 (m(0)epA,(0))y. 

yeT„nT3^.^3 

OG7r2"^(x,Oj + i,ej + 2,0j + 3,y) 

The class of the pentagons counted in the above sum is determined by juxta- 
posing a triangle class Ax G 7r2(x, Oj,j-|_3, /(x)) with an standard square class 
□ e 7r2(Oj, 6j+i, 8j_|_2, with small area. As usual, we will drop this class 



A REFINEMENT OF SUTURED FLOER HOMOLOGY 



89 



from the notation. 

Let us assume that O £ 7r^^(x, 8j+i, 0j-)-2, ©j+s, y) is a pentagon class which 
has Maslov index —1. Consider the ends of the smooth orientable one dimen- 
sional moduli space A4{o), which correspond to the degenerations discussed in 
theorem 16.81 



Considering the possible degenerations at the boundary of A^(o), theorem 6.8 
implies 

(20) / \ 

+ ^p.Ij Uj (g) Kj {Qj (g) Qj+i (g) Qj+2)] , y aj e A 



where the maps Ij : Aj (g) Dj and Kj(Qj g) Qj+i g) 6^+2) are defined as 

follows. 

/,(x®q):= E MA)A^(A))y 

(21) i^,(e,®e,+i®e,+2):=^ ^ (m(n)A.(n))q. 

□e7r-i(ej,e,+i,e,+2,q) 

Two of the terms appearing in theorem |6.8| vanish and are not present in the equa- 
tion [20] These are the terms that correspond to degenerations containing a triangle 
in 7r2(0j, q) for some q G T^j DTfjj+2, or a triangle in 7r2(Oj+i, 6^-1-2, q) for 

some q £ Tpj+i n Tpj+a. The total contribution of such triangles vanishes, since 
they come in canceling pairs. Thus the terms containing such degenerations would 
vanish as well. 

Note that the map x Ij{^x. (g) is a perturbation of the isomorphism / 

with a map e : Aj ^ Aj+3 which takes a generator x to generators with smaller 
energy than /(x), when we equip with an appropriate energy filtration. This 

follows since the contributions from triangle classes other than Ax will contribute 
more than the small energy associated with Ax. Standard arguments in Heegaard 
Floer theory (c.f. Ozsvath and Szabo's original paper |0S5| ) may then be apphed 
to construct an explicit inverse for this map up to filtered (B,IHI) chain homotopy. 
In order to complete the proof of the theorem, it is thus enough to show that 

Kj{Qj g) Qj+i g) Qj+2) = XpQjj+3. 

This can be proved directly, since the Heegaard quadruple 

(I],/3^/3^+\/3-'+2,/3^"+3,z) 

is a special Heegaard diagram, which may be analyzed without too much difhculty. 
The only difference with earlier considerations of Ozsvath and Szabo (e.g. in |0S6| . 
subsection 4.2) is the following. There is a preferred square class which contributes 



to the second sum of equation 21 This square class has small total area, and 
multiplicity 1 at p. The contribution of this class would give XpQj,j+3. The rest 
of contributing square classes come in pairs and the elements of B associated with 
both elements in each pair are the same (with opposite sign), since the relation 

\ \ mo — 1 \ mi — 1 \ mo — 1 

— ^0 '^1 ^2 
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is satisfied in A and hence in B. Thus the two square classes in each pair cancel 
each other. □ 

8.4. Special cases. Let us now consider a few special cases, which correspond to 
the existing exact sequences in Heegaard Floer homology. We use the observation 
of this subsection as an indication of how the new language developed in this paper 
for understanding Heegaard Floer theory of Ozsvath and Szabo may be used to 
understand the existing objects in a uniform way, and extend them to the more 
general setup. 

The first case we would like to consider, is the case where ttiq — mi = m2 = 1. 
This would be the case if fiQ and fii cut each other in a single transverse point (so 
that #(/io./ii) = 1) and fi2 = — (mo + fJ-i)- In this case, we will have 

A A 

& 



(CpAp = 1) {Xp = 1) 

Thus the algebra B is the algebra associated with any of the diagrams 

(S,a,/3\z-M), * = 0,1,2. 

In particular, if the simple closed curve A determines the surgery, and fiQ, /ii and /i2 
correspond to oo, and 1 surgeries respectively, the above conditions are satisfied. 
For an arbitrary ring R such that there is a ring homomorphism p/j : B — > i?, one 
may define the R chain complexes 

D,(s;i?) =D,(s)®Bi?, i = 0,l,2. 



The triangle of theorem 8.6 gives a triangle of R chain maps between Di{s;R), 
i = 0, 1, 2, and the conclusion of the theorem remains true (however, we may need 
to drop the filtration from the conclusions if pn does not respect the filtration) . In 
particular, the homology groups 

H,(5;i?) :=ff*(D,(s;i?),^J, i = 0,l,2 

fit into an exact triangle. The exact triangle of |Ef4j and |Efl| is a special case of 
such exact triangles. 

Consider the algebra A and the quotient map r : A = B — > A where 



(Ao = Ai = l) (Ao = Ai = l)' 

Correspondingly, let H be the quotient of H by the action of XotXi ^^^d X2- From 
the filtered (B, H) chain complexes Di(s) we may construct the filtered (A, H) chain 
complexes 

— Z 
Q(s) :=D,(s)®bA, ie — = {0,1,2}. 

The complex Ci(s) may be identified as CF(X^i (1), r*(l), s) when i = 0, 1 and as 
CF(X7.2(2),t^(2),s) when i = 2. Here XTi{j) denotes the three-manifold obtained 
from X by filling out the j-th suture in t* and T*(j) denotes the induced set of su- 



tures on the boundary of X^i(j). The triangle of theorem 8.6 thus generalizes the 
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exact sequence in homology, which appears as theorem 1.7 in |0S5| . Also, theorem 



4.7 from |0S6j is a special case of theorem 8.6 Furthermore, theorem 8.2 from 
|0S1| is also a corollary in this situation. 

Let us now assume that mi — m2 — 1, while rriQ = to is an arbitrary integer. In 
particular, if /io, /ii and fi2 correspond to the surgery coefficients oo,n and n + to, 
for some integer n G Z this would be the case. We will thus have 



We may thus define the following quotient ring of ] 

A 

A — 



The filtration module H = lP{X,dX;Z) and the space 6 ~ Spin^(X, t) corre- 
sponding to the coefhcicnt ring B should be changed to 

H _ R^X,dX;Z) 

M,„ :— -, ^ — -, r , &; 

(toxo)z ("^Xo)z 
g 6 ^ Spin^(X,T) 



Theorem 8.6 then gives the main result of }Ef3j as a special case. The surgery exact 
sequence of theorem 3.1 in |0S3) is in turn a consequence of this last result. In a 
similar way, theorem 6.2 from [0S4] follows from this last consideration. 
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